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S U M M A R Y 
Instantaneous values of bubble volume, shape, rise velocity, 
overall mass transfer product, surface area and overall mass transfer 
coefficient for single carbon dioxide bubbles in free rise through 
liquids contained in a 10.16 cm I.D. column were experimentally 
evaluated. 
In the experimental investigations, a novel data processing 
technique was used which allowed accurate measurement of the instant- 
aneous rate of change of pressure of the constant volume system, con- 
sisting of a liquid contained in the mass transfer column and isolated 
from the atmosphere, as a bubble rose through the liquid and dissolved 
in it. 
A wide range of bubble sizes (0.2 - 6.0 cm diameter) was 
investigated in three Newtonian liquids - distilled water and two 
aqueous Glycerol solutions - and a non -Newtonian viscoelastic aqueous 
Polyox solution, which exhibited pseudoplastic behaviour in steady 
shear. Detailed comparisons of the collected data with existing 
theoretical models relating to bubble rise velocity and overall mass 
transfer coefficient were carried out. 
In the carbon dioxide -distilled water system, bubble shape 
was seen to go from spherical to oblate spheroidal to spherical cap 
with increasing bubble size. Bubble shapes observed in the two 
aqueous Glycerol solutions were similar to those observed in water, 
with an additional > hemisphere shape and the occurrence of spherical 
cap bubble skirting in the more concentrated Glycerol solution. 
The/ 
The shapes and terminal rise velocities of large bubbles in the 
Newtonian liquids were found to be influenced by the proximity of 
the column walls. The terminal rise velocity data for bubbles in 
the non -Newtonian Polyox solution was lower than for distilled water; 
and exhibited an abrupt increase by a factor in excess of 4 at a 
critical bubble size. Bubbles in the Polyox solution exhibited 
tailing over the size range 0.27 cm < De < 2.2 cm. Bubble tailing 
is known to be peculiar to non -Newtonian fluid fields. In the Polyox 
solution suitable bubble sizes adopted spherical, prolate spheroidal, 
oblate spheroidal and spherical cap shapes. A previously unreported 
spherical cap bubble rear configuration was observed for large 
bubbles in the Polyox solution. 
Instantaneous overall mass transfer coefficients based on 
actual bubble surface areas were evaluated. The transfer coefficients 
of small bubbles in all four solutions investigated were closely 
predicted by theoretical equations for circulating spheres and for 
rigid spheres in creeping flow. The transfer coefficient data for 
carbon dioxide bubbles in the Polyox solution confirmed the suggestion 
(A7) that at the critical bubble size in viscoelastic pseudoplastic 
liquids a transfer from rigid to circulating body behaviour in creeping 
flow occurred. Certain bubble shape transitions were found to 
result in maxima in the transfer coefficient versus diameter plots 
for the solutions investigated. 
The overall mass transfer coefficients of sufficiently large 
bubbles in all four solutions studied were approximately predicted by 
an/ 
iv 
an existing theoretical equation for circulating spheres in potential 
flow. As these large bubbles adopted a spherical cap shape, the 
transfer over the noses of these spherical caps was more accurately 
given by another theoretical equation for spherical cap frontal area 
transfer under conditions of potential flow. An approximate theoretical 
solution was developed in the present work for mass transfer from the 
rear of spherical cap shaped bubbles, and this, when combined with 
the theoretical equation for spherical cap frontal area transfer, more 
accurately predicted instantaneous overall mass transfer coefficients 
around spherical cap bubbles than the equation for circulating spheres 
in potential flow. 
v 
I N T R O D U C T I O N 
There is a variety of engineering operations and processes 
in which gas or liquid as a dispersed phase plays an important part. 
Thus bubbles and drops occur in atomisers, scrubbers, dryers, absorbers, 
combustors, evaporators, air lift pumps, homogenizing and emulsifying 
systems, fermentation, flotation, and gas cooling. 
Gas -liquid contact carried out for the purpose of mass transfer 
in systems where heat effects are absent or of secondary importance 
has many applications in chemical engineering since absorption, scrubbing, 
stripping, fermentation, waste disposal and sewage treatment are 
embraced. 
The problem involving absorption of a gas by a liquid within 
which the solute gas undergoes diffusion with reaction is of increasing 
importance in the chemical and allied industries as a result of the 
development of liquid phase catalysts and the sustained importance of 
slurry reactions. A particularly striking example in this field is 
the liquid phase catalysed oxidation of absorbed ethylene to yield 
acetaldehyde in the Wacker process. 
The contacting of a gas with a liquid is normally carried out 
by subdividing one or both of the phases. This phase subdivision 
leads to an increase in the interfacial area and produces relative 
motion between the phases, both these effects contributing to an 
increase in overall mass transfer rate. If only one phase is sub- 
divided, that phase in which the major resistance to transfer lies 
is/ 
vi 
is made the continuous phase, since the velocity gradient due to 
relative motion between the phases is produced mainly in the con- 
tinuous phase. Gas -liquid contacting equipment in which subdivision 
of both phases occurs includes plate columns with bubble cap, sieve 
or valve trays. Packed and wetted wall columns are used for gas - 
liquid mass transfer processes in which the liquid phase is sub- 
divided, while bubble columns and stirred bubble absorbers are used 
when the gas phase is subdivided. 
In industrial gas- liquid contacting equipment in which the 
gas phase is dispersed in the liquid, it is usual that the gas is 
subdivided to form a swarm of numerous small bubbles of varying size, 
a bubble swarm or cloud, thereby producing a high interfacial area and 
enhanced relative motions between the phases. 
Bubbles in dilute turbulent dispersions behave independently 
and their rates of dissolution are little affected by turbulence or 
mutual proximity (C4). Also rapid desorption of gas, and bubble 
coalescence can result in large bubbles ascending through the liquid 
in virtual isolation of their neighbours. Hence in this work the 
motion and mass transfer of single isolated bubbles ascending in pure 
quiescent liquids is studied. In the majority of industrial bubble 
columns and stirred bubble absorbers complex interactions occur 
between the neighbouring small bubbles of the bubble swarm. The 
experimental correlations contained in the literature for gas bubble 
swarms in liquids give relationships between the physical and mass 
transfer properties of dispersions and the system variables, from 
which/ 
vii 
which predictive process design calculations can be made. These 
correlations also provide some identification of the important 
variables affecting equipment performance. The study of single 
isolated bubbles eliminates many of the complications associated 
with bubble swarms, such as bubble interactions and coalescence, 
random distribution of bubble size and residence times, turbulence 
and contamination of liquid or gas. Thus the single isolated bubble 
lends itself to theoretical analysis. The ultimate aim of the single 
bubble approach is extension to the case of bubble swarms in an 
analogous manner. The work of Marrucci (M4), who presented a 
cellular spherical model for the velocity of rising swarms of spherical 
bubbles and obtained an expression for the ratio of velocity of rise 
of the swarms to velocity of a single spherical bubble, provides an 
example of the extension of single particle dynamics to a multiple 
particle system. 
The phenomena met with in the study of a gas bubble in a 
liquid are not unique to it, since the behaviour of gas bubbles has 
certain similarities with that of liquid droplets in a liquid, gas 
bubbles in fluidised beds and vapour bubbles in boiling liquids. 
The behaviour of single freely rising bubbles has been 
extensively studied. Theoretical models have been developed for 
certain idealised situations, many of which are realised in practice, 
though the existing theories fall short in several respects and throw 
little light on the problems of mass transfer in bubble wakes. 
Experimental data relating to apparently identical systems have some- 
times/ 
viii 
times been conflicting, and comparatively little attention has been 
paid to the study of single bubbles in viscous Newtonian liquids, and 
little work has been done on bubble motion and mass transfer in the 
various types of non -Newtonian liquids, though chemical engineers 
in industry are often concerned with non -Newtonian and viscous 
Newtonian liquids. 
In the present investigations, a novel data processing 
technique was used which allowed accurate measurement of the instant- 
aneous rate of change of pressure of a constant volume system, con- 
sisting of a liquid contained in a column and isolated from the 
atmosphere, as a bubble rose through the liquid and dissolved in it. 
This permitted measurement of instantaneous values of liquid film 
controlled dissolution rates of single gas bubbles in free rise 
through quiescent liquids. A complementary study of the rising 
velocities of gas bubbles was also carried out. Bubble diameter was 
varied over a ten to twenty -five fold range and studies were carried 
out using three Newtonian liquids covering a wide range of liquid 
viscosity, and one non -Newtonian liquid which was viscoelastic and 
exhibited pseudoplastic behaviour in steady shear. This permitted 
an investigation of the effect of Newtonian liquid viscosity on bubble 
motion and mass transfer, and extended the limited experimental data 
relating to non -Newtonian liquids. Detailed comparisons of the data 
collected and the existing theoretical models relating to bubble 
motion and mass transfer were carried out, and an approximate 
theoretical solution for mass transfer from the rear of spherical cap 
shaped bubbles was derived. 
1. 
H A P T E R 1 
L I T E R A T U R E S U R V E Y 
1. INTRODUCTION 
The rates of solution of gas bubbles depend on the inter- 
relationships that exist between shape, turbulence, boundary layer 
and velocity of rise. A knowledge of bubble motion is thus of 
importance in understanding the mass transfer process from the rising 
bubble to the surrounding liquid. 
The first section of this survey contains a discussion on 
Newtonian and non -Newtonian fluids - their general classification 
and the existing flow models. This will be followed by a brief 
summary of previous work on bubble motion in liquids. Drag coef- 
ficients and rise velocities (including the effects of gas solubility 
on rise velocities), bubble shapes, stability in motion, and wake 
structure are considered separately; though it is the interaction of 
these various factors which determine mass transfer rates in any 
given situation. The third and final section of this survey will 
deal with mass transfer in Newtonian and non- Newtonian liquids. 
1.1 SECTION I 
1.1.1 GENERAL CLASSIFICATION OF FLUIDS 
As a fluid is deformed because of flow and applied external 
forces, frictional effects are exhibited by the motion of molecules 
relative to each other. These frictional effects are due to the 
fluid viscosity. 
For a thin layer of Newtonian fluid subject to a shear stress 
T, the shear rate (or velocity gradient) Y resulting across the fluid 
layer is given by (F5, W9) 
T = u 1 (1) 
An ideal fluid is one which is incompressible and has zero 
viscosity. All real fluids have finite viscosity. 
Non -Newtonian fluids are those in which the viscosity at a 
given temperature and pressure is a function of the rate of shear. 
Non -Newtonian liquids include solutions of polymers, proteins, 
carbohydrates in aqueous and non - aqueous solvents, soaps of the 
alkali and heavy metals in toluene and xylene, dilute suspensions of 
clays, water -oil emulsions, paints, inks and so on (P8). 
There are three broad classifications of non- Newtonian fluids 
(i) Time - independent non -Newtonian fluids 
(ii) Time- dependent non -Newtonian fluids 




Time - independent non- Newtonian Fluids 
For these fluids the shear rate is a function of shear stress 
T alone (W9). They include: 
(a) Bingham (ideal) plastics, which can withstand a certain 
amount of shearing stress, but once the shearing stress has attained 
a certain yield value they exhibit a constant viscosity independent 
of the rate of shear. Bingham plastics are thus characterised by 
the equation 
T - To = 1.1 y (2) 
3. 
where To is the yield stress. 
(b) Real plastics, for which the viscosity does not become constant 
until fairly high rates of shear are reached, as is indicated by curve 
C in Fig. (1). 
(c) Pseudoplastic fluids, which constitute the majority of time - 
independent non -Newtonian fluids (W9), and are typified by an apparent 
viscosity, pa, which decreases with increasing rate of shear. 
Pseudoplasticity is attributed to a variety of mechanisms: the 
alignment of colloidal particles along the lines of flow, the de- 
kinking and uncoiling of long -chain molecules, the change in the shapes 
of suspended elastic particles when they are under the influence of 
shear and so on (P8). 
(d) Dilatant fluids, in which the apparent viscosity increases with 
increasing shear rate. Dilatancy appears to arise from the change in 
volume occupied by the solid or semi -solid material in the system 
when it is being subjected to shear. As it commences to flow, the 
solid particles in it move out of their close -packed state into a more 
open arrangement, thereby trapping liquid in the voids between them. 
This has the effect of drying out the system, which then returns to its 
fluid/ 
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fluid condition when the shear is subsequently withdrawn (P8). 
(ii) Time -Dependent non -Newtonian Fluids 
For these fluids, termed Thixotropic fluids, the shear rate 
is a function of shear stress and time (i.e. the previous shear history 
of the fluid - the duration of application of a shear stress and the 
time lapse since the previous shear- stress application). 
Thixotropic fluids possess a structure which is broken down 
when subjected to shear, so that on removal of the shearing stress the 
viscosity, instead of being the same as at zero rate of shear, changes 
with time as the fluid builds up the structure it had prior to being 
deformed. If a thixotropic fluid is tested in an apparatus in which 
the rate of shear can be increased and then decreased, the relationship 
between the shear stress and the shear rate will be found to be different 
when the stress is increasing than when the stress is decreasing, 
resulting in a hysteresis loop as shown by curve F in Fig. (1). 
(iii) Viscoelastic Fluids 
These fluids exhibit elastic as well as viscous properties; 
examples include many paints and pharmaceutical colloids. Visco- 
elasticity is believed to be due to the interfllinking in the liquid 
of long -chain molecules or micelles which form a loosely -knit, three - 
dimensional network structure. This breaks and re -forms during the 
flowing of the fluid (P8). 
1.1.2 NON- NEWTONIAN FLOW MODELS 
Empirical/ 
Empirical power functions of the type 
., n 
T = K Y (n < 1 pseudoplastic, n = 1 newtonian, n > 1 dilatant) 
have been widely used to approximately characterise non -Newtonian 
fluids of the pseudoplastic and dilatant type. K is a measure of 
the consistency of the fluid, the higher the K, the more viscous the 
fluid. 
The Ellis model has been used to characterise the flow 
behaviour of pseudoplastic fluids: 
= K1 T +K2 T (4) 
5. 
(3) 
K1, K2 and a' are constant at a particular temperature and pressure 
for a given fluid. This model has sometimes proved more successful 
in correlating experimental measurements than equation (3) (A6, B4, S11). 
The equations of Einstein (El), Sibree (S5) and Smoluchowski 
(S13) are particular examples of the following general equation for 
the viscosity of many visco- inelastic emulsions and dispersions at a 
particular rate of shear: 
p = po (1 + 2.5 cß! + a'rr e + br,' e + . . . ) (5) 
where po is the viscosity of the continuous phase and eis the volume 
concentration of the disperse phase - a '' ', b''' etc. are numerical 
constants. Equation (5) results from considerations on the connection 
between non -Newtonian viscosity and the microscopic and macroscopic 
liquid structure. 
Further empirical models are summarised in (F5, P8, W9). 
The rheological properties of viscoelastic liquids can be 
expressed/ 
6. 
expressed in various ways. For some purposes equations of the 
power law type (Eqn. (3)) are reasonably satisfactory (P8). 
Tanner (T2) suggests that the equation of state of a visco- 
elastic fluid should show: 
(i) Typical relaxation spectrum when subjected to small sinusoidal 
strains, 
(ii) Apparent viscosity decreasing monotonically with increasing 
shear rate, 
(iii) Normal forces which develop in the liquid when it is subjected 
to a shear stress (determined by using an instrument known as 
the Roberts -Weissenberg rheogoniometer (W6)). 
Tanner concluded that these requirements where satisfied, at least in 
a qualitative way, by the model for the so- called Oldroyd bodies (02) 
T + K3 T = u (Y + K4 (6) 
where p is the viscosity determined at low shear rates under steady 
state conditions, i.e. when r = Y = 0, and the constants K3 and K4 
are the relaxation time, (the time constant of the exponential 
decay of stress on the sudden cessation of shear), and the retardation 
time, (the time constant of the exponential decay of strain on the 
removal of all stresses), respectively. Oldroyd derived Eqn. (6) theo- 
retically after investigating the elastic and viscous properties of 
emulsions and suspensions of one Newtonian liquid in another. 
Fróhlich and Sack (F8) derived the same equation for a dilute 
suspension of solid elastic particles in a viscous liquid. 
For Maxwellian viscoelastic liquids, the following equation 
due/ 
due to Maxwell (M5) holds: 
T + K5 T = u y (7) 
7. 
where K5 = /G, the ratio of a constant Newtonian viscosity coefficient 
to the rigidity modulus of the fluid. K5 represents the relaxation 
time. 
1.2 SECTION II 
1.2.1 DRAG COEFFICIENTS AND VELOCITIES OF RISE 
Drag is an energy loss resulting from the resistance to the 
movement of an object in a fluid, and may be further subdivided into 
deformation drag, friction drag and pressure drag. It is usual to 
introduce an arbitrarily defined drag coefficient combining the 
individual contributions of all three components. The coefficient 
of drag is defined in the same way as the friction factor for 







where F is the total fluid retarding force and is given by VApg, 
where V is the volume of the moving body. A' is the cross -sectional 





3 U2 po 
(9) 
8. 
(a) Theoretical Work 
Small Re 
Stokes Regime 
A gas bubble moves in this regime when the bubble is spherical 
and the interface rigid (i.e. zero surface velocity). For sufficiently 
small/ 
9. 
small bubble volumes, this condition is attained for any liquid 
(A5, B8). 
By neglecting the inertial terms appearing in the Navier- 
Stokes equation, i.e. Re < 1, Stokes (S16) found for a Newtonian 
liquid that 
CD = 24/Re (10) 
The velocity of the bubble in the gravitational field is then given 
by 
U = 84 
V2/3 
v 
Oseen (03) proposed that for Re < 2, 




Ladenburg (L1) proposed the following relation for the drag coef- 
ficient for flow past a sphere in a cylinder of diameter Dc: 
D 




For the analogous problem for power law fluids the definition of 










where Xn is a function of the flow index n (A7). The function is 
not/ 
not known rigorously - only an upper and a lower bound have been cal- 
culated (W4). The two bounds coincide at the value 24 when n = 1. 
The velocity -volume relationship is 
2-n 1 (1+n) 
U= ( Po 
21+n 4r) 3 ) n 
V 
3n 
(m Xn 3 ) 
Hadamard /Rybczynsky regime 
(16) 
This regime is encountered by a gas bubble or liquid drop 
when the surrounding liquid is in creeping flow (Re < 1), the bubble 
or drop is spherical and the interface is free. Thus a finite 
velocity exists at the interface and this is specified to be equal 
for the continuous and the dispersed phase at a given latitude of 
the spherical bubble. 
Hadamard (H2) and Rybczynsky (R13) independently solved the 
equations of motion for this case and found that 
C 
D = Re (3u0 + 3pi) 
24 (2uo 
+ 3ui) 



















where X' is a function of n. The velocity is again given by Eqn. (16) 
with X' substituted for X 
n n 
It is presumable that for pseudoplastic fluids 
n < 1, X' < 16 = (Xñ) 
n = 1 
Hence presumably, 




> 1.5 (the value for n = 1). 
(21) 
In the range 10 < Re < 100 and Pe » 1, Hamielec and Johnson (H3) 
obtained functional approximations for the velocity field by assuming 
a trial stream function in the Navier- Stokes equations and evaluating 
the undetermined coefficients from the boundary conditions using the 
method of residuals. They found that 
CD = ( 3) Re 
(16) ( -24A2 
- 70A3 - 144A4) 
+ (16) 
(15) 













Recurrence formulae relate the higher coefficients A2, A3 ... and 
B2, B3 ... to their first coefficients Al and B1, these latter being 
given as a function of Re. The tabulated data of Hamielec and Johnson 
enabled Redfield and Houghton (R2) to calculate CD up to Re = 30, the 
range being extended from Re = 30 to Re = 70 by Baird and Hamielec (B3). 
At/ 
At higher intermediate Re, 100 < Re < 1000, by applying 
boundary layer theory to flow around circulating fluid spheres the 
following result is arrived at 
C = 
48 (1+ui-0.314Re 
2 (4+2 ui) ) 
D Re ( p 
o 
(3 
u ) ) o 
(23) 
12. 
This boundary layer approach was first used by Chao (C5) who, due to 
an error in his analysis, arrived at an incorrect conclusion. Lochiel 
(L16) and Moore (M12) noticed the error and the above equation was 
derived by Lochiel. Moore assessed the drag contributed by the 
boundary -layer and by the thin wake behind the bubble and his expres- 
sion for the total drag is 
5 
CD Re 




A bubble or drop moves in this regime when Re is high, the 
bubble is spherical and the interface is free. The problem is 
solved by equating the viscous energy dissipation rate connected 
with the flow field calculated from inviscid flow theory to the rate 
of positional energy loss due to the motion of the gas bubble (M12). 
The drag coefficient is given by 
48 
- CD Re 
and/ 
(25) 
and hence the velocity 
U = 
42.0 2/ 3 (26) 
The same conclusion was reached by Siemes (S6) by using the velocity 
distributions of Boussinesq (B9) for potential flow. 
The solution has been extended to power -law fluids by 






2n +3 3n +1 
where Kn - 
1 + 4n 
(n+1) 
(1 2x2) 2 dx 
(27) 
(28) 
The function Kn(n) takes values, which, for n < 1, are always 
smaller than 48. 
Substituting 
n. 
for Xn in Eqn. (16) gives the expression 
for the velocity U. 
Taylor Regime 
This regime corresponds to a high Re, and the bubble having 
a spherical cap shape and a free interface. In this regime CD is 
constant. 
Using a value of 50 degrees for 0, the half -angle of the 
spherical cap, it is found (A7) that 
CD = 2.6 (29) 
13. 






and again using a value of 50 degrees for 0, 
(30) 
U = 25.0 V 6 (31) 
Rippin and Davidson (R3) postulated the existence of a wake 
of stagnant liquid extending to infinity below a spherical cap bubble, 
such that the boundary of the wake and the nose of the bubble formed 
a continuous free streamline. They modified this free boundary by 
successive perturbations so as to satisfy the boundary conditions 
derived from Bernouilli's theorem on the assumption of irrotational 
flow. They found that 
U = 0.952 g2 
V1 /6 (32) 
This result for U is about 20% higher than that of Davies and Taylor, 
and Rippin and Davidson suggest that this is due to the pressure 
rise in the turbulent wake giving a higher drag coefficient in 
reality. 
Collins (C14) by satisfying the constant pressure on the 
curved bubble nose requirement to a higher order than did Davies and 
Taylor - (d4p /d04)0 
= 0 = 
0 as opposed to 
(d2p /d02)0 
= 0 = 
0 - found that 
, 
U = 0.652 (gR')2 (33) 
Mendelson (M7) has suggested that the terminal velocity of 
ellipsoidal and spherical cap bubbles in low viscosity liquids of 







+ e - (34) 
The first term on the r.h.s. corresponds to the surface tension and 
the second to the buoyancy - dominated regimes of the inviscid flow 
regime. The equation was derived intuitively by applying the 
equation from Wave theory giving the velocity for waves of small 
wavelength compared to the depth of liquid, and substituting for 
the wavelength (X) the equivalent spherical bubble circumference 
(71 De). 
becomes 
For large bubbles gDe » 2e , and the Mendelson equation 
2 Depo 
U = 22.2/ De (35) 
which corresponds to CD = 2.67 in agreement with the derivations of 
Davies and Taylor (D7). 
Dumitrescu (D9) and Davies and Taylor (D7) considering slug 
flow in a stationary liquid, (i.e. very long and thus wakeless 
bubbles in inertial flow), showed that 
U = C1 J gDc (36) 
C1 has been assigned values of 0.35 (D9) and 0.33 (D7). Griffith 
and Wallis (G12) demonstrated that U depended on the shape of the 
liquid profile and the resulting equation was 
= C1 C2 gDc (37) 
C1 having the value 0.35. C2 is a function of bubble velocity and 




(b) Experimental Work 
Numerous experimental observations have been carried out on 
the drag coefficients and terminal velocities of solid spheres, 
drops and bubbles in motion through fluids (A2, A3, A5, A7, B4, B8, 
B12, C3, D3, D4, D5, D7, G4, G5, G6, G9, H1, H13, J2, Kl, L15, L19, 
M8, N3, 01, P4, R2, R5, Tl, T7, Ul, W2, W8). 
Newtonian Liquids 
Datta (D3) demonstrated experimentally that the effect of the 
walls of the container in reducing bubble velocity by drag at the 
D 
walls became increasingly important when 
De 
> 0.1. Uno and Kintner 
c 
(Ul) measured terminal rise velocities of air bubbles in four liquids 
contained in vertical cylindrical tubes of different diameters and 
proposed the following equation for wall effect correction, 
0.765 
U ( 1 e ) - (b (1-D) ) 
(c°) c 
(38) 
b" is a constant which depends upon tube diameter and liquid surface 
D 




for wall effects to be negligible. 
Angelino's terminal rise velocity measurements (A3) for air 
in water (po = 1.6 x 10 -2 P), dipropylene /tripopylene glycol, D /TPG, 
(Po = 1.05 P), and oil (Po = 7.40 P), contained in tubes of different 
diameters agree with Eqn. (38) proposed by Uno and Kintner (U1). 
His measurements using glycerol 
(po 
= 14.40 P), however show better 
agreement with the experimentally determined correlations proposed by 
Fidleris/ 
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Fidleris and Whitmore (F2) when the liquid is contained in tubes with 
D 
c 
> 10.16 cm. 
Fidleris and Whitmore (F2) collected experimental data on 
the drag exerted by the walls of a cylindrical vessel on a solid 
sphere falling axially down it through a liquid. The experiments 
were carried out with 60 solid spheres (covering a range of diameters 
and densities), four cylinders of different diameters, and fifteen 
Newtonian liquids of various viscosities and densities. The range 
0.054 < Re < 20000 was covered. Fidleris and Whitmore (F2) presented 
U 
curves showing the factors Ú- by which readings taken in a cylindrical 
vessel must be multiplied to give the terminal velocity in an infinite 
medium. 
Peebles and Garber (P4) measured bubble velocities in sixteen 
liquids and deduced the following empirical correlations for drag 
coefficients in the four regimes into which they divided their results: 
24 
Re 
; Re < 2 (39) 
18.7 




CD = 0.0275 MRe4; 4.02M 
-0.214 
Re < 3.10M 
-0.25 (41) 
CD = 0.82M0.25 Re; 3.lOM 
-0.25 
< Re (42) 
M is a dimensionless group dependent on liquid properties only, such 
that 






However Datta (D3) and Uno and Kintner (U1) have both shown that 
wall effects are important for a ratio of tube diameter to bubble 
diameter of less than ten. The tube used by Peebles and Garber 
being only 1.03" (2.62 cm.) internal diameter means that the value 
of their results for bubble diameters greater than 0.25 cm. is 
limited. Thus only the first two equations, Eqns. (39) and (40), 
are satisfactory. 
Tadaki and Maeda (Ti) measured terminal velocities of bubbles 
in the size range 0.25 cm. < De < 1.8 cm. in fourteen different liquids 
and concluded that 
CD = 0.076 













8M° < Re. M 
6< Re. M0.23 < 16.5 




Haberman and Morton (H1) studied the motion of air bubbles in 
eight test liga.ids, (with water at three different temperatures), 
using three test tanks, all of which were large enough to prevent 
the presence of the walls from affecting the bubble velocities. 
Their results for CD vs Re in the air -water system is shown in Fig. 
(2). They carried out a dimensional analysis of the motion of 
rising bubbles using eight physical variables and found that 
f (CD, Re, We, M) = 0 (47) 
Considering gas density and viscosity to be negligible, the xumber of 
























































































































which only the velocity, the acceleration due to gravity, the liquid 
density and the bubble equivalent spherical diameter are considered, 
one dimensionless parameter was obtained - 
CD = constant (48) 
Haberman and Morton (H1) plotted CD vs. Re and We with M as an 
additional parameter. Their plots showed no systematic arrangement 
of the curves relative to the change in the parameter M, which was 
constant for a specific liquid. It was therefore concluded that 
the six variables, (velocity, acceleration due to gravity, density 
and viscosity of the liquid, surface tension and equivalent spherical 
diameter), were insufficient for the complete description of bubble 
motion. Other important conclusions from the results of Haberman 
and Morton (H1) were: 
(i) For low M liquids (M < 10 -8), the velocity increased rapidly 
at first with increasing volume, reached a maximum and, after falling 
to a minimum, rose again gradually. For high M liquids (M > 10 -3) 
the velocity increased steadily with increase in volume, the rate of 
increase falling off at a fairly well defined value of De. 
(ii) The drag coefficients of tiny spherical bubbles coincide 
with those of rigid spheres of the same size. For larger spherical 
bubbles CD depended on the liquid, but lay between two limiting 
curves - the drag curves of rigid and fluid spheres. 
20. 
(iii) For low M liquids, a minimum in CD was reached at Re - 250, 
the minima occurring near the diameter for transition from spherical 
to ellipsoidal shapes. Such minima were not found for liquids of 
high M value. 
(iv) The drag coefficients of large spherical cap bubbles have a 
constant value of 2.6. 
(v) Impurities and surfactants increased the drag on small bubbles 
in water. Beyond a certain critical concentration of the surf ace - 
active substances, an increase in concentration had relatively little 
influence on the drag of the bubbles. 
The data for the five low viscosity liquids used by Haberman 
and Morton, (water, methyl alcohol, Varsol, turpentine and a 13 per 
cent solution of ethyl alcohol in water), and in particular the two 
pure compounds, water and methyl alcohol, are correlated well by 
Eqn. (34) proposed by Mendelson (M7). 
Liquid metals differ hydrodynamically from other liquids by 
their considerably higher surface tensions. Schwerdtfeger (S4) 
measured the rise velocities of ellipsoidal and spherical cap argon 
bubbles rising in the liquid metal mercury, and found that the data 
could be correlated within their experimental precision by the 
Mendelson equation (34). 
Cole (10) collected velocity and drag coefficient data for 
vapour bubbles (0.1 < D 
e 
< 13 cm.), rising through a variety of 
saturated liquids under pressures ranging from 48 to 540 mm. Hg. 
Although / 
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Although considerable scatter of the data was evident, it was apparent 
that the mean of the data was in agreement with Mendelson's analysis. 
Davenport, Richardson and Bradshaw (D5) noted that additions 
of up to 4.5 per cent polyvinyl alcohol (PVA) to water, which increased 
the viscosity from that for water, 1.11 cP, to that for the aqueous 
solution, 54 cP, had no appreciable effect on the terminal rise 
velocity of air bubbles. Further additions of PVA to 115 cP caused 
some reduction in velocity, and this was even more marked when the 
viscosity was increased to 216 cP. This effect was especially 
noticeable for bubbles of De < 2 cm. Angelino (A3) also noticed a 
similar reduction in bubble terminal velocity as the viscosity of the 




0.75, Datta et al (D4) showed that bubbles 
adopt a cylindrical shape with rounded nose, forming slugs of finite 
length, and, in the limit, long bubbles for which wake effects may 
be neglected. 
White and Beardmore (W8) studied rise velocities of single 
cylindrical bubbles in nineteen different liquids and arrived at the 
following empirical correlation based on tube diameter, 
CFO' = f(Eo) (49) 






> 3 x 105 ; viscous effects negligible 
22. 
Eo > 70 interfacial effects negligible 
Fr < 3 x 10-3 ; inertial effects negligible 
Goldsmith and Mason (G6), in a similar investigation on 
cylindrical bubbles rising through twelve different air -liquid and 
liquid -liquid systems, observed that under inertial flow conditions, 
part of the bubble nose assumed a spherical shape and agreement with 
theory relating terminal rise velocity to tube diameter was obtained. 
In viscous flow regimes they found that the bubble nose and rear 
assumed respectively prolate and oblate forms, and agreement with a 
theory relating terminal rise velocity to liquid film thickness 
resulted. 
Nicolitsas and Murgatroyd (N3) using water as the liquid 
phase measured air slug velocities; the time taken for the slug to 
pass two photocell stations being automatically recorded 
with a maximum overall electronic jitter of ±2 m sec. The value 
of the constant C1 in Eqn. (36) was determined by a least squares 
fit to give the value 0.35. Nicolitsas and Murgatroyd (N3) found 
that the dispersions in transit times were much greater than could 
be accounted for by electronic jitter. Thus their measured values 
of C1 ranged between 0.350 and 0.358. They concluded that the 
transit time dispersions probably represent random fluctuations in 
the slug flow conditions. 
Finally, a selection of smoothed experimentally measured 
terminal rise velocities for single bubbles in free rise through 
different Newtonian liquids as obtained by various investigators is 
shown/ 
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shown in Fig. (2) of reference (L19). Loudon (L19) points out that 
in the absence of any wall effect and for corresponding liquids, 
good agreement among different investigators is reached only in the 
extreme regions of very small (spherical - Stokes regime) and large 
(spherical cap - Taylor regime) bubbles. Various proposals concern- 
ing the observed discrepancies in the intermediate range have been 
put forward, including the effects of system contamination by surf ac- 
tants, irregularities of motion caused by turbulence and wake effects 
and, for different gases, bubble solubilities. 
Non -Newtonian Liquids 
Loudon (L19) working with water and aqueous solutions of CMC, 
sodium carboxymethylcellulose, (which exhibit non -Newtonian pseudo - 
plastic behaviour), found that for CMC concentrations in excess of 
1 per cent wt., the rising velocities of carbon dioxide bubbles were 
generally lower than in distilled water. This effect was most 
noticeable at small bubble diameters and became more pronounced with 
increasing CMC concentration (see Fig. (3)). 
Barnett et al (B4) studied the drag coefficients of small 
carbon dioxide bubbles and small glass spheres moving through dilute 
aqueous solutions of pseudoplastic carboxymethylcellulose, thereby 
obtaining a comparison for solid vs. fluid sphere behaviour. They 
were unable to correlate the drag coefficient data in terms of the 
generalised Reynolds Number, Re', defined in Eqn. (14), which had 
successfully been used by Fararoui and Kintner (F1) to correlate data 


















































































































































































Re ", for non -Newtonian fluids which follow the Ellis model (Eqn. (4)), 
2.01 - 1 at 
Re" = Kl D U p+ K2 U p (50) 
Solid and fluid sphere drag coefficient data were successfully cor- 
related in terms of Re" for Re" < 400, as were the experimental data 
of Slattery (S10) and Slattery and Bird (S11) for solid sphere drag 
in CMC solutions. With increasing pseudoplasticity, the solid 
sphere drag coefficient increases, in qualitative agreement with the 
calculations of Bizzell and Slattery (B6). Both the solid sphere 
drag coefficient data and the bubble drag coefficient data approach 
the curve for solid spheres in Newtonian fluids, (Eqn. (10)) at 
Re" < 1. 
Astarita and Apuzzo (A7) measured the terminal velocities of 
air bubbles in four types of non -Newtonian solutions - aqueous solutions 
of Carbopol (purely viscous, highly pseudoplastic liquids), aqueous 
solutions of CMC (slightly elastic, pseudoplastic liquids), aqueous 
solutions of ET497 (highly elastic,pseudoplastic liquids), aqueous 
solutions of J -100 (highly elastic, pseudoplastic liquids). Bubble 
sizes over the range 10 -4cc to 10 cc were investigated. 
The data of Astarita and Apuzzo (A7) show that at large 
enough volumes the conditions of the Taylor regime are satisfied for 
all the liquids used. The data for the highly elastic liquids, 
(Et497 and J -100), showed an abrupt increase in the velocity, by a 
factor which may be as large as 6, at a certain critical volume for 
each solution. Astarita and Apuzzo (A7) suggested that this phenomenon 
was/ 
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was due to a transition from the Stokes to the Hadamard regime, and 
that viscoelasticity was responsible for the abruptness of the trans- 
ition. 
Sato et al (S2) measured the terminal velocities of falling 
spheres, (steel bearing balls), in three synthetic rubber- organic 
solvent solutions, all of which exhibited pseudoplastic behaviour, 
contained in cylindrical containers of various diameters. They found 
that the apparent rate of shear around a sphere for the non -Newtonian 
fluids was given by 
(U ) 







is the terminal velocity of the sphere corrected for wall 
effect and De is the diameter of the falling sphere. Sato et al (S2) 
also found that the wall effect on the falling spheres in non -Newtonian 
fluids were less than that in Newtonian fluids. 
Effect of Gas Solubility on Bubble Rise Velocities 
With two exceptions, (D4, L8), the assumption that mass 
transfer does not influence instantaneous bubble rise velocities has 
been borne out by several investigators (B2, G13, H1, H5, L12, L16, 
S17, Z1). 
Datta et al (D4) investigated experimentally rise velocities 
of air and carbon dioxide bubbles in water, and noted that mass 
transfer resulted in velocity retardation. 
Leonard and Houghton (L8) compared terminal rise velocities 
of/ 
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of nitrogen and carbon dioxide bubbles in water and reported that 
rise velocities were strongly dependent upon mass transfer for small 
bubbles in the bubble size range 0.2 < De < 0.6 cm. Leonard 
and Houghton (L9) suggested that this velocity retardation may be 
due to electrokinetic effects induced by mass transfer. However 
Lochiel (L16), in investigating carbon dioxide bubbles in water finds 
good agreement between his velocity measurements and those of Leonard 
and Houghton for carbon dioxide bubbles, and of Uno and Kintner for 
air bubbles in the size range 0.5 < De < 0.8 cm., though these 
velocities fall below those of Haberman and Morton (H1) using air 
bubbles in water. Lochiel (L16) suggests that a more likely explana- 
tion than surface effects for the velocity difference is that point 
velocities such as Haberman and Morton's (made over a short vertical 
displacement of about 6 cm. so that the bubble size is essentially 
constant), differ from average velocities found over large pool 
depths when the bubble size is changing constantly, (as is the case 
for Leonard and Houghton's results and those of Uno and Kintner and 
Lochiel). 
1.2.2 BUBBLE SHAPES 
It is usual to assign simple geometric configurations to 





In liquids of low M, small gas bubbles are spherical. As 
the bubble size is increased a continuous progression to oblate 
spheroid then through irregular ellipsoid to spherical cap occurs 
04, D7, D8, Hl, L19, M8, R5, Si, S6, Ti, Ul). 
There is a certain amount of disagreement about the precise 
bubble sizes at which these shape transitions occur in a particular 
liquid, though in the air -water system, (M for water is approx. 
3 x 10 
-7 
), the average of experimental findings (L16) gives the 
following approximate shape regions: 
Spheres De < 0.12 cm. 
Oblate spheroids 0.12 < De < 0.60 cm. 
Irregular ellipsoids 0.60 < De < 1.8 cm. 
Spherical caps De > 1.8 cm. 
A number of investigators (D4, D8, P3) have presented photographic 
evidence of the upper surface of the oblate spheroid bubbles being 
flatter than the lower surface, and spherical cap bubbles have been 
shown to be truly spherical only over part of the frontal surface 
extending out from the apex (Cli, D7). The shapes of the irregular 
ellipsoids are known to fluctuate rapidly (H1). 
Tadaki and Maeda (T1) correlated their data on the bubble 
shapes obtained in various liquids, (2.52 x 10 
-4 
> M > 3.94 x 10 
-11), 
D 





1 ReM0.23 < 2 (52) 











ellipsoids 2a = 
1.36 (Re.M 6 < ReM < 16.5 (54) 
Spherical De /2a 
= 
0.62 ReM0.23 < 16.5 (55) 
caps 
The range of bubble diameters studied was 0.25 < De < 1.8 cm. and the 
experiments were carried out in a square column of side 10 cm. 
Defining an additional shape ratio, the bubble eccentricity, as 
E = 2a/2b 
C(3), equations (51) - (54) may be expressed in the forms, 
(56) 
Spheres E = 1 ReM0.23 < 2 (57) 
Oblate 





E = 0.4 (ReM0.23)0.84 6 < ReM0.23 < 16.5 (59) 
ellipsoids 
Spherical 
E = 3.5 ReM0.23 > 16.5 (60) 
caps 
Siemes' results (S6) were in substantial agreement with Eqns. 
(58) and (59), though Rosenberg's results (R5) for the same regions 
were approximately 50 per cent higher. Spherical cap eccentricities 
found by Rosenberg (R5) were in agreement with Eqn. (60), though the 
results of Davies and Taylor (D7) ranged between 3.23 and 4.65, those 
of Lochiel (L16) between 2.5 and 4 and those of Loudon (L19) between 
2.5/ 
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2.5 and 4.5. For De > 3.5 cm using a 10.16 cm diameter column, 
Loudon's results (L19) indicated that wall proximity was influencing 
bubble shape, and the smoothed curve drawn through the E vs. De data 
showed a downward trend. The results mentioned in this paragraph all 
refer to the air or carbon dioxide -water system, except for those of 
Davies and Taylor (D7) which refer to the air -nitrobenzene system. 
The shapes of larger bubbles rising through viscous liquids 
tend to remain stable andnot to fluctuate about a mean form as in 
liquids of low M. Also in viscous liquids the bubble size range 
spanned by the ellipsoid regimes seem to be reduced (A3, D5). Thus 
the photographs of Angelino (A3) show that air bubbles in glycerol 
(Po = 14.4 P, a = 63.72 dynes /cm., i.e. M = 1.33 x 102) were spherical 
for De up to 2.7 cm., though the larger bubbles in this region would 
better be described by a 'greater than hemispherical' shape. For De 
up to 4.7 cm. E for the bubbles rose to a value of about 2 (i.e. an 
approximately hemispherical shape). For De > 4.7 cm., the photographs 
suggest that the bubbles developed a trailing gas envelope or skirt, 
though this is not stated explicitly by Angelino. In oil (}'0 = 7.4 P, 
a = 31.85 dynes /cm., i.e. M = 1.03 x 102) hemispherical bubbles were 
observed up to De = 2.8 cm. From De = 2.8 cm to De = 3.6 cm the 
bubbles adopted a spherical cap shape, skirting appearing to commence 
thereafter. For D /TPG, (ue = 1.05 P, a = 34.15 dynes /cm., i.e. 
M = 2.93 x 10 
-2 
), the spherical cap shape was adopted over the entire 
1.08 < D 
e 
< 3.86 cm size range investigated. In Angelino's experiments, 
the minimum air bubble size used in glycerol was 1.20 cm. and in oil 
1.08/ 
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1. 08 cm. 
Shoemaker and Marc de Chazal (S19) have observed skirting 
and dimpling, the existence of concave rear surfaces on large 
spherical cap drops, for drops of 2- butanone, acetone, hexane, 2- 
ethyl-l- hexanol, and 145 c.p. paraffin oil in glycerol. Photographs 
of single drops in free rise and of two drops undergoing coalescence 
are presented in ref. (S19). Shoemaker and Marc de Chazal attribute 
the dimples and skirts formed in the trailing end of the drops to 
stable vortices in the wakes of the drops, and to circulation within 
the drops. 
Davenport, Richardson and Bradshaw (D5) determined the shapes 
of gas bubbles, (gases used were air,nitrogen and carbon dioxide), 
rising through various liquids, (liquids used were water, aqueous 
solutions of polyvinyl alcohol (PVA) with viscosities up to 216 cP 
and ethyl alcohol), in a 15 cm. diameter column. Their results re 
shape and stability are shown in Table 1, though only the various 
shapes encountered will be discussed in this sub -section. 
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TABLE 1 
Liquid Bubble volume De (cm) Remarks 
Tap water and 
distilled water 
(cm3) 
Ellipsoidal bubbles - 
marked oscillation. 
Helical rise. 
Spherical cap bubbles. 
Rippling evident both on 




4.5 - 40 
Ethyl alcohol < 1 < 1.24 Ellipsoidal bubbles with 
marked oscillation. 
1 - 40 1.24 -4.2 Spherical cap bubbles as 
for water. Rippling 
slightly more pronounced. 
z per cent PVA 
(p = 2 cP 
< 1 < 1.24 Ellipsoidal bubbles with 
no oscillation. 
(=49.7 dyn cs ) 1 - 3.5 1.24 -1.90 Ellipsoidal bubbles. 
Oscillations evident but 
less noticeable than with 
ethyl alcohol or water. 
3.5 - 40 1.90 -4.2 Spherical cap bubbles - 
rectilinear rise. 
Rippling much less pro- 
nounced than with water. 
4.2 per cent PVA < 1 < 1.24 Ellipsoidal - no oscilla- 
tion 
(=54cP _1) 
(6 = 47.0 dyn cm ) 1 - 3 1.24 -1.78 Transition region. 
Ellipsoidal with slight 
oscillation. 
3 - 40 1.78 -4.2 Spherical cap bubble. 
Rectilinear motion. 
Apart from initial release 
rippling very slight. 
Lower surface slightly 
5.4 per cent PVA 
(U = 115 cP _1) 
(6 = 46.9 cyn cm ) 
concave. 
< 1 < 1.24 Ellipsoidal. No surface 
instability. 
Liquid 
6.1 per cent PVA 
(p = 216 cP 
-1) 
(Q = 46.2 cyn cm 1) 
TABLE 1 (Contd.) 




1 - 1.5 1.24 -1.42 Slight surface instability. 
Gradual change of shape 
to spherical cap. 
1.5 -40 1.42 -4.2 Spherical cap. Recti- 
linear rise. No 
rippling. Lower 
surface concave. 
0.2 - 15 0.72 -3.0 Spherical cap. Recti- 
linear rise. No 
rippling or oscillation. 
No shape transition in 
this range. 
15-40 3.0 - 4.2 Bubble tends to form 
thin skirts of trailing 
gas. Length of skirt 
increasing with bubble 
size, up to approx. 
30 cm. long. 
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Fig. (4) shows the measured heights and basal radii for 
bubbles rising in water and the PVA solutions. Davenport et al (D5) 
noted that the large bubbles were of the spherical cap shape observed 
by previous investigators (D7, Hl, Tl). Photographs showed the 
curvature of the front surface of bubbles of De > 2.7 cm. to be very 
nearly spherical. 
Davenport et al (D5) suggest that for gas bubbles in Newtonian 
liquids, the gas properties are unimportant and so dimensional analysis 
yields 
D 
f (E, Re, M, 
e 
D ) = 0 (61) 
Since neither the surface tension nor the viscosity are likely to be 
important for large bubbles, E should be constant for low values of 
De /D . Davenport et al point out, however, that though their results 
c 
show less scatter than those of Davies and Taylor (D7), there is still 
some doubt about the constancy of the value of E, which for De < 2 cm 
appears to be influenced by liquid properties. With larger bubbles 
(D 
e 
> 4 cm), E decreases with size as would be expected from the 
influence of wall proximity on bubble shape. Figure 4 also indicates 
that with increasing PVA concentration (and hence viscosity), E 
decreases; the effect being most noticeable with small bubbles in 
the 216 cP solution. Table 1 shows that the size at which transition 
to the spherical cap shape occurs decreases with increasing viscosity. 
Grace and Harrison (G10) investigated the influence of bubble 
shape on the rising velocities of large bubbles. They derived 
equations/ 
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equations in two and three dimensions which related the rising 
velocity of a large bubble in an inviscid liquid to its size and to 
the radius of curvature of its leading edge. Grace and Harrison (G10) 
found that elliptical cap and ovary ellipsoidal bubbles rose faster 
than the corresponding circular cap (two dimensional) and spherical 
cap (three dimensional) bubbles, and confirmed this experimentally 
for two dimensional air bubbles in water. Since rising bubbles 
adopt the stable shape leading to maximum rise velocity (G1), Grace 
and Harrison (G10) concluded that three dimensional bubbles do not 
normally take up ovary ellipsoidal shapes because elongated bodies 
immersed in uniform streams are in a metastable state, as any dis- 
turbance of the major axis from the vertical brings into play de- 
stabilizing moments. In the two dimensional case, bubbles could be 
made to take up the elliptical shape if they enclosed a surface 
(e.g. a rod), the rod presumably providing a stabilizing couple 
which was absent when the bubble rose in isolation. 
Taylor and Acrivos (T3) showed by a perturbation technique 
that, to a first approximation in creeping flow, small bubbles or 
drops deform from the spherical shape into the oblate spheroidal 
shape. In their analysis Re and We of both phases were small and of 
the 0(1) or less, and the effects due to surface active agents were 
ignored. Pan and Acrivos (P1) extended the Taylor -Acrivos solution 
to the more general case when Re pertaining to motion inside the 
bubble was unrestricted. Thus Pan and Acrivos (P1) determined 
theoretically the shapes of bubbles or liquid drops in steady trans- 
lation through an unbounded, quiescent, and viscous fluid medium for 
the/ 
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the cases where the Reynolds and Weber numbers of the continuous 
phase were both small, and the interface clean. The inertia forces 
of the internal circulation did not affect the shape of a gas bubble, 
and contributed in a minor, but significant way to the deformation of 
a liquid drop; and so for bubbles the result of Taylor and Acrivos 
(T3) was found to be applicable even when Reg » 1; and so 
2 
r (p) = 1 - 0.21 We P2 (p) - 0.09 
Re 
P3 (u) (62) 
Experimental observations were carried out by Pan and Acrivos (P1) 
with air bubbles, (0.52 < De < 0.94 cm.), in zerolene. The Taylor- 
Acrivos, Pan -Acrivos analysis showed good agreement with shapes of 
bubbles at the lower end of the bubble size range investigated, but 
agreement became progressively worse with increasing bubble size. 
Wellek et al (W7) found that the Acrivos and Taylor analysis for 
liquid drops accurately predicted their experimentally determined 
drop eccentricities for drop Reynolds numbers less than about 10. 
Non -Newtonian Liquids 
Similar bubble shapes have been observed in non -Newtonian 
liquids to those found in Newtonian liquids, (i.e. spheres, oblate 
spheroids, irregular ellipsoids, spherical caps); but a notable 
addition in the case of non -Newtonian fluids is the onset of bubble 
tailing resulting in the lower pole of the ascending gas bubble being 
cuspidal. This phenomenon has been observed in non -Newtonian fluid 
fields/ 
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fields by Philopoff (P7) using thixotropic solutions, Astarita and 
Apuzzo (A7) using elastic pseudoplastic aqueous solutions of ET497 
and J -100, Barnett et al (B4) using pseudoplastic aqueous CMC 
solutions, and Loudon (L19) using pseudoplastic aqueous CMC solutions 
for ascending gas bubbles; and by Warshay et al (W2), Mhatre and 
Kintner (M10), and Fararoui and Kintner (F1) for liquid drops. 
The onset of bubble tailing results in top shapes, or oblate 
spheroids with protruding rear tip, or spherical caps with protruding 
rear tip, depending on bubble size. 
The most extensive work on bubble shapes in non - Newtonian 
liquids has been carried out by Loudon (L19) for carbon dioxide 
bubbles in pseudoplastic aqueous CMC solutions ranging from 0.5% wt 
to 3% wt concentration in increments of 0.5% wt. In addition to 
bubble tailing in the more concentrated CMC solutions (occurring 
over the size range 0.8 < De < 2 cm in the 2% wt, 0.8 < De < 2.4 cm 
in the 2.5% wt, and 0.9 < De < 3.5 cm in the 3% wt), the spherical 
caps were observed to develop a lip around the lower extremity of 
the frontal surface in the range 1.9 < De < 3.2 cm for the 1% wt 
solution. Loudon (L19) also observed that large bubbles (De > 4 cm) 
rising in the 2.5% wt and 3% wt CMC solutions possessed aconcave 
indentation in the centre of the bubble floor. 
A tentative explanation of bubble and drop tailing in pseudo - 
plastic and thixotropic fluids has been proposed by Philopoff (P7) 
and Warshay et al (W2) in terms of the fluid displaced by the motion 
of the bubble or drop failing to recover rapidly enough, resulting 
in/ 
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in a 'hole' to the rear of the bubble which is filled by the bubble 
tail. Barnett et al (B4) suggested, further, that the hole sets 
up an adverse pressure gradient resulting in flow separation. For 
a Newtonian fluid, a wake would develop but for a pseudoplastic fluid 
the development of the wake would require more energy than its 
Newtonian counterpart, slowing down the bubble. If this energy 
were not supplied, the pressure gradient itself would act as a brake 
on the bubble. Barnett et al (B4) concluded that either condition 
would result in a greater drag coefficient for the pseudoplastic fluid 
than for the Newtonian which was in agreement with their experimental 
findings. 
Loudon (L19) summed up that the appearance of unusual bubble 
shapes in liquids must be the result of a highly complex interaction 
between internal and external flows, both of which are strongly 
influenced by the physical properties of the continuous phase. 
1.2.3 BUBBLE STABILITY IN MOTION 
The path followed by a single gas bubble of given size and 
shape rising freely in a liquid is a characteristic of the liquid 
properties (C15, D3, G9, H1, H8, H12, M8, Sl, Ti). The four main 
classifications of bubble path are, 
(a) Rectilinear 
(b) Zig -zag 
(c) Spiral 
(d) Rectilinear with rocking 
Saffman/ 
Saffman (S1) investigated the motion of small air bubbles 




0.14 < D 
e 
< 0.2 cm 
De > 0.2 cm 
Rectilinear rise 
Zig -zag rise 
Zig -zag or spiral rise 
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Saffman treated zig -zag and spiral motions theoretically by assuming 
inviscid flow near the bubble front, and obtained reasonable agreement 
between predicted and observed rise velocities and shapes for given 




for the stability of rectilinear motion. Experimental investigation 




Saffman concluded that the interaction between periodic wake oscillation 
and instability of motion near the front of a bubble, which occurred 
when the bubble was sufficiently oblate, resulted in zig -zag motion. 
The experimental investigation of Hartunian and Sears (H8) 
into the instability of bubble motion in twelve different liquids 
yielded two separate criteria for the onset of instability, 




1.26 for pure, low viscosity liquids (66) 
Approximate theoretical considerations involving only hydrodynamic 
pressure and surface tension and including the effects of bubble 
deformation gave, for moderate We, 
Wecrit = 1.23 (67) 
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Hartunian and Sears concluded that the main factors determining 
the stability of bubble rise were surface tension and hydrodynamic 
pressure forces. 
Haberman and Morton (H1) and Davenport et al (D5), (see Table 1), 
both observed that increasing liquid viscosity damped out bubble 
rise path instability, the former investigators reporting only 
rectilinear motion in viscous liquids with Re < 150. Haberman 
and Morton (H1) suggested that for all liquids 
Re < 300 
300 < Re < 3000 
Re > 3000 
Rectilinear motion 
Spiral motion 
Rectilinear motion with rocking 
They also noted that the helical path of the bubbles followed either 
a clockwise or a counterclockwise direction, depending on conditions 
of generation. 
Rippling has been observed on the surfaces of large bubbles 
(1.5 < De < 4 cms) rising through liquids of low viscosity (D5, L19), 
though, as noted by Davenport et al (D5), (see Table 1), increasing 
liquid viscosity damped out rippling. Sternling and Scriven (S14) 
pointed out that there are ever present, small, random fluctuations 
about/ 
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about any fluid -fluid interface. These random fluctuations touch 
off bubble surface rippling in relatively inviscid liquids when there 
is hydrodynamic instability at the surface. 
Chou and Charles (C7) investigated the onset of interfacial 
wave formation in co- current gas - liquid stratified flow and derived 
a criterion for interface instability. Chou and Charles (C7) and 
Hanratty and his co- workers (C9, H7) both observed that in co- current 
gas- liquid stratified flow transition to a disturbed interface, 
(rippling), took place with the less viscous phase in turbulent 
motion and the more viscous phase in laminar motion. Hanratty and 
Engin (H7) noted a qualitative agreement between their experimental 
results and observations of the effect of wind velocity upon the 
surface of a large body of liquid. 
Avetisyan and Trapeznikov (A9) obtained data on the relation- 
ship between intensity of damping out of waves by monolayers of in- 
soluble substances and the degree of compression of the monolayer, 
i.e. on the two -dimensional pressure F and the area occupied by a 
molecule. They studied the action of monolayers differing widely in 
two -dimensional viscosity. Avetisyan and Trapeznikov (A9) obtained 
graphs of the increase in logarithmic damping decrement icp plotted 
i 
against F for seven different monolayers on water. They found 
that (1) in all instances the intensity of damping passed through a 
maximum which occurred at relatively low values of F; (2) at the 
oscillation frequency of 20 c /sec monolayers which differed in two - 
dimensional viscosity by many orders of magnitude nevertheless possessed 
roughly/ 
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roughly the same ability to damp out waves. It was noted that 
the position of the maxima on the 4 curves corresponded roughly to 
the position of the maxima for stability of bubbles in the same mono - 
layers. 
Bubbles in low viscosity liquids, particularly those classified 
as irregular ellipsoids (see Section 1.2.2), are known to pulsate 
or oscillate around a mean shape (D5, H1, L16). Pulsations are 
reduced and eventually eliminated by increasing liquid viscosity 
(D5, H1). Zieminski and Raymond (Z2) investigated carbon dioxide 
bubbles (0.26 < De < 0.38 cm) rising through water and found that the 
stability in motion of these small bubbles was dependent on the 
bubble release time. Long release times resulted in increased 
oscillation and a high degree of randomness in the motion of the 
bubble, which persisted almost to the top of the liquid column (82 cm. 
high). 
1.2.4 BUBBLE WAKES 
At present there is no adequate mathematical description of 
the wake region of a fluid with a free interface, although certain 
phenomena associated with bubble motion, in particular bubble instability, 
have been attributed to wake effects (Hl, S1). 
Very small gas bubbles in the Stokes regime (see Section 1.2.1) 
behave like rigid spheres, as do larger bubbles when contaminated 
by surfactants (see "Experimental Work" Section 1.3.1). The wakes 
formed/ 
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formed behind solid bluff bodies will therefore be described by 
following the discussion of Goldstein (G7), before considering the 
wakes formed behind fluid bodies. 
The first stage in the development of a wake behind a solid 
body appears in the broadening out behind an obstacle (e.g. a sphere 
or a circular cylinder) of the streamlines calculated by the method 
of Stokes or Oseen (see Section 1.2.1). As the Reynolds number is 
increased, the streamlines widen out more and more. They form a 
closed region behind the obstacle within which there is an inflow 
along the axis of the wake and a flow in the general direction of 
motion in the outer portions; this circulatory motion constituting 
a vortex pair. The vortices become more and more elongated in the 
direction of flow, eventually above some critical Reynolds number 
(depending on the obstacle shape, the degree of turbulence in the 
main stream and the proximity of the channel walls) the vortices 
become asymmetrical shortly after the beginning of the motion, leave 
the obstacle and move downstream. At moderately high Reynolds 
number the vortex layers which spring from the surface of the solid 
body are unstable, and roll up in such a way that vortices are formed 
at their ends and are shed alternately. An eddying motion of definite 
frequency is set up, and downstream the double row appears again. At 
still higher Reynolds numbers the vortices diffuse so rapidly after 
their formation that it is no longer possible to speak of the formation 
of a double row. No definite value can be assigned to this upper 
limit, but from an investigation of the records of various experimenters, 
Goldstein/ 
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Goldstein (G7) concluded that no double row had been seen or photo- 
graphed above Re = 2500. At the back of the solid body, however, 
vortices continued to be shed with unfailing regularity until 
Re = 4 x 105 or 5 x 105. Beyond this upper limit the flow was turbu- 
lent. 
The mechanism of the motion may be explained in terms of the 
boundary layer and vortex layers. Separating the fluid in the wake 
from the main flow are layers of vorticity (the vortex layers), which 
left the surface at the separation points. At moderately small 
Reynolds numbers the vortex layers come together downstream and 
vorticity diffuses from the layers into the bulk fluid, but is also 
generated in the boundary layer and added to the vortex pair. At 
small Reynolds numbers a state of equilibrium is set up between the 
rates of generation and diffusion of vorticity, and the vortex pair is 
stationary relative to the solid body. As the Reynolds number increases 
so does the rate of generation of vorticity. In order to counteract 
this the vortex layers become longer in the direction of flow, thereby 
providing a larger area from which vorticity can diffuse; at the same 
time the strength of the individual vortices in the vortex pair in- 
creases. The vortex layers are unstable, and at some critical 
Reynolds number one or other is shed. As overall horizontal momentum 
is conserved the liquid still directly associated with the solid body 
has a velocity in the direction opposite to that of the discharged 
vortex. Hence a periodic instability is set up with the vortices 
discharging alternately from side to side. 
Magarvey/ 
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Magarvey and Maclatchy (M2) investigated the wake phenomena 
associated with a single liquid drop falling through a quiescent 
liquid phase. The stream surfaces associated with the field responsible 
for the transfer of vorticity were made visible by means of dye trails. 
At some point on the downstream side of the drop equator the boundary 
layer was observed to separate from the drop surface and to continue 
as a free vortex sheet. Magarvey and Maclatchy (M2) noted that the 
asymmetrical reactive forces associated with the build up and detach- 
ment of vortex elements combined with the dynamic forces over the 
leading surface to give the freely falling drop a rocking motion, 
the frequency of this motion being identical to that at which vortex 
elements were shed. 
Magarvey and Bishop (M1) observed and classified wakes behind 
liquid drops falling through quiescent water into the approximate 
regions shown in Table 2. 
Class 
TABLE 2 
Nature of Trail Range of Re 
1 0 - 210 Single trail 
2 210 - 270 Double trail 
3 270 - 290 Double trail with waves 
4 290 - 410 Procession of vortex loops 
5 410 - 700 Double row of vortex rings 
6 700 - 2500 Irregular wake 
The/ 
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The Class 1 wake appeared to be the only one in which the configura- 
tions behind freely falling drops and rigidly held solid spheres were 
identical, In Class 2 wakes there was a continuous backflow which 
contacted the back surface of the drop before escaping the near wake 
region by way of the vortex trails. The arguments for the buildup 
of the periodic shedding of vortícity, finally ending with the 
irregular wake, as Reynolds number was increased (Classes 2 - 6) were 
as for wakes behind solid bodies. 
The wakes behind bubbles have also been investigated photo- 
graphically. Hartunian and Sears (H8), using a vegetable dye tracer, 
showed that wakes behind small bubbles existed only in impure or 
viscous liquids. In pure liquids, bubbles were trailed by a small 
closed vortex pair immediately after bubble release, after which bubble 
oscillation set in and the dye was dispersed. It was concluded that 
the dye itself had caused liquid contamination and that a wake existed 
only until the bubble had shed the dye, after which motion of the 
small bubble through the pure liquid was not associated with a wake 
of appreciable extent. 
Lochiel (L16) further assumed that there were no appreciable 
wakes behind larger, oblate bubbles, since oblate bubbles moved 
essentially under potential flow conditions for which wakes did not 
exist. 
Due to an optical anistropy of nitrobenzene, Davies and Taylor 
(D7), in photographing spherical cap air bubbles in nitrobenzene, 
revealed a three -dimensional wake which approximately completed the 
spheroid/ 
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spheroid of which the bubble cap formed a part; though there did not 
appear to be any indication of disturbances downstream of the spheroidal 
region. 
Crabtree and Bridgwater (C16) photographed two -dimensional air 
bubbles (10 cm3 to 35 cm3) rising through five water -glycerol solutions 
having kinematic viscosities from 8.34 cm2 /sec to 1.02 x 10 -2 cm2 /sec 
and contained in a 8 ft. x 3 ft. x z in. (244 cm x 91.5 cm x 1.27 cm) 
tank. They found that in the most viscous liquid no vortex formation 
was observed, the boundary layer from around the bubble meeting and 
continuing downstream of the bubble. As the liquid viscosity was 
reduced, the meeting of the boundary layer moved further downstream 
from the bubble rear, a weak systematic vortex pattern being eventually 
obtained. Further reduction of the liquid viscosity resulted in the 
vortices getting stronger and larger. After the passage of a bubble 
the shed vortices increased in radius and decayed in strength at a 
rate dependent on the kinematic viscosity of the liquid (S3). Crabtree 
and Bridgwater (C16) found that the discussion of Goldstein (G7) for 
the wakes behind solid bluff bodies qualitatively explained their 
observed wake phenomena. It was noted that clockwise rotation of 
the bubble release cap caused the first vortex to be shed to the left 
and anticlockwise to the right, in the liquids in which vortex shedding 
was observed. 
Collins (C12, C13) photographed the wake behind a large two - 
dimensional cylindrical cap bubble (Re = 2.5 x 104) rising through 
water contained in a 3 ft. x 3 ft. x 
4 
in. (91.5 cm x 91.5 cm x 0.64 cm) 
tank/ 
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tank with the aid of dyed polystyrene particles suspended in the 
water. Collins (C12, C13) showed the cylindrical cap bubble to 
move with a certain body of liquid (present as a trailing vortex pair), 
the combined air and vortex pair system being approximately circular. 
The photographs of Crabtree and Bridgwater (C16) for the air -water 
system, however, showed that alternate vortex shedding occurred in 
the wake behind two- dimensional bubbles. Crabtree and Bridgwater's 
photographic information (C16) is in agreement with that of Maxworthy 
(M6) for a 2.5 cm3 three -dimensional bubble in water and Loudon 
for large three -dimensional air bubbles in water. Maxworthy (M6), 
using a simple flow dye visualization technique, showed that as a 
large air bubble rose through a quiescent liquid it produced a well - 
defined wake. It was also shown that the drag on the bubble appeared 
as a momentum defect within the wake. 
Moore (M11) and Rippin and Davidson (R3), in their theoretical 
analyses, rejected closed wake models on the ground that they have no 
drag and hence, presumably, infinite terminal velocity by d'Alembert's 
paradox (B5). Collins (C13) pointed out that it was not necessary 
to assume that the fluid was inviscid; what was assumed was that the 
flow over the bubble cap was irrotational because viscous and surface 
tension forces were negligible in that region. Collins (C13) noted 
that d'Alembert's paradox dealt with an inviscid fluid and thus had 
no relevance to the method used by Davies and Taylor (D7) and Collins 
(C14) in deriving Eqns. (30) and (33) respectively. 
Slaughter and Wraith (S12), using a shadow -graph arrangement, 
presented/ 
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presented an excellent photograph of an air bubble (De = 2.40 cm) 
rising through 87 per cent wt /wt aqueous glycerol (y = 1.43 cm 
2 
/sec), 
and this is shown in Fig. (5). The wake appears to consist of a 
toroidal vortex moving with the bubble, and a streaming cylindrical 
tail extending along the rise path. Slaughter and Wraith (S12) 
found the wakes of successive bubbles to be similar in form and to 
retain their axiality. The outline of the vortex part of the wake 
suggested an attached spheroidal section similar to that observed by 
Davies and Taylor (D7), the lower tailing section extending along the 
rise path corresponded to the downstream disturbances discussed by 
Maxworthy (M6). Slaughter and Wraith (S12) noted the similarity 
between the wake in their photograph and the wake observed behind 
a partially immersed solid cylinder at the same order of Reynolds 
number (G8) and the wakes behind the two -dimensional cap bubbles of 
references (C4, C12, C16, L19). 
Loudon (L19) photographed the wakes of air bubbles rising in 
two and three -dimensional columns containing water or aqueous solutions 
of CMC. Finely ground perspex or small metallic silver flakes, 
dispersed in the liquid, enabled the visualization of the flow patterns. 
It was found that the extent of wake and wake turbulence progressively 
decreased with increasing pseudoplastic viscosity. 
1.2.5 SUMMARY, Bubble Motion in Liquids 
The/ 
FIG. 5. PHOTOGRAPH OF SPHERICAL CAP BUBBLE 
AND WAKE (S12) 
AIR BUBBLE: De = 2.40 cm in 87 per cent wt /wt 
AQUEOUS GLYCEROL SOLUTION, y = 1.43 cm2 /sec. 
UB = 33.5 cm/sec. 2a = 4.22 cm. 
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The theoretical analyses of Stokes and Hadamard /Rybczynsky 
for rigid and circulating spheres in creeping flow provide respectively 
lower and upper limits to rise velocity data. The purity of the 
liquid continuous phase governs the transition from solid to fluid 
sphere behaviour, this being most important in the case of low viscosity 
liquids. 
For large spherical cap bubbles, the Davies -Taylor and 
Mendelson equations give good agreement with experimental results 
when wall effects are absent, and for spherical caps subjected to 
wall effects the Dumitrescu equation provides an upper limit for rise 
velocity data. There is good agreement between the Mendelson 
equation and velocity of rise data for bubbles in the ellipsoidal 
regime in low viscosity liquids, particularly for ellipsoids rising 
in pure, (i.e. single component), liquids. 
Generally, in the Reynolds number range intermediate between 
creeping flow and potential flow over the bubble nose, (Davies - 
Taylor regime), there is appreciable disagreement among various 
investigators. This is due to the fact that theories concerning 
bubble motion in this intermediate Reynolds number range are on the 
whole based on simplified models which ignore observed shape 
irregularities, bubble instability and wake effects. 
For bubbles rising through non -Newtonian liquids, theoretical 
approaches are limited to solid and fluid spheres obeying the 
empirical power law relationship, and the solutions are in most cases 
incomplete. For non -spherical bubbles in non -Newtonian fluids no 
theoretical/ 
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theoretical analyses have been carried out, though the Davies -Taylor 
and Dumitrescu equations are applicable for large spherical cap 
bubbles. The success of CD vs Re correlations depend on the choice 
of a suitable definition of Reynolds number which in turn is dependent 
on the liquid non -Newtonian properties. 
Peculiarities in bubble and drop shapes, (such as tailing), 
in non -Newtonian liquids have only been qualitatively explained. 
51. 
1.3 SECTION III 
1.3.1 MASS TRANSFER BETWEEN SOLID AND FLUID BODIES AND FLUIDS 
All drops and bubbles may be taken to be axisymmetric about 
the axis in the direction of rise, so that transfer around them can 
be analysed using equations for an axisymmetric body of revolution 
(L18). 
(a) Theoretical Work 
Solid and Fluid Spheres 
Langmuir (L3) considered the case of pure radial diffusion 
from a sphere into an infinite quiescent fluid and concluded that 
Sh = 2 (68) 
This equation agrees with the experimental findings of several 
investigators (L21, M13, T5, W11). 
When the fluid flows past bodies undergoing transfer, i.e. 
under forced convection conditions, the continuous phase transfer 
rate increases markedly above the value predicted by Eqn. (68). 
Several investigators (Al, B3, Bll, F7, F6, L11, L16, R9) 
have theoretically derived the following equation for forced con- 
vection transfer from rigid spheres in the Stokes regime (S16) 
(Re < 1, Pe » 1), 
Sh = k Pe 3 (69) 
where k is a constant being assigned values 0.89 (F6), 0.978 (B11), 
0.99/ 
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0.99 (B3, L16), 1.01 (L11) and 1.037 (Al, R9). 
Griffith (G11) and Ward (W1) investigated the case of a 
fluid sphere with internal circulation in the same flow regime and, 
for example, Ward (W1) found that 
1/ 
(u. +1.33u ) 3 
Sh = 0.98 ( 1 ° ) Pe 3 
( Pi Po ) 
(70) 
Using an interpolation method Ruckenstein (R10) derived the 
following equation for a fluid sphere with intermediate interfacial 








Pe 1 (71) - 




is a dimensionless equatorial velocity. 






Uo)2 3/ -3 = -1 Sh Re + 0.278 
(2 
- U )(2 + U ) 
Re 2 Sh Sc (72) 
U 
Ruckenstein (R10) pointed out that the prediction of 
II 
for Re » 1 
was very difficult. 
At the intermediate and high Reynolds numbers, the only rigid 
sphere models available are semi -empirical, such as those due to 
Frdssling (F9) , 
Sh/ 
Sh = 2 + 0.55 Re0.5 
Sc0.33 
and Griffith (G11), 





The mass transfer of a fluid sphere moving uniformly in a 
continuous fluid medium are affected by the motion inside the sphere. 
Using the Hadamard- Rybczynski (H2, R13) velocity distributions 
for a bubble or drop moving at Re < 1 with Pe » 1 and with free 
interface, Levich (L11) obtained 
Sh = 0.65 Pe ' (75) 
The same equation was derived by Lochiel and Calderbank (L18) and 
Stewart, Angelo and Lightfoot (S15). Ruckenstein (R12), Griffith 
(G11) and Ward (W1) obtained similar equations but with the multi- 
plying constants ranging between 0.61 and 0.67. The constant 0.65 
appears to be the most reliable, as, unlike the others, it was 
arrived at without any assumption being made about the form of the 
concentration distribution around the sphere. 
Lochiel (L17) presented equations which predicted the effect 
of trace surface -active impurities on mass transfer across a mobile 
spherical interface at creeping flow. The equations indicated 
that transfer in the bulk phase surrounding the spheres decreased 
on increasing the surfactant concentration, and also that the influence 
of surface -active contaminants on drag and transfer decreased as . 
the viscosity of the bulk phase was increased. 
In/ 
In the intermediate Reynolds number range 10 < Re < 100 and 
Pe » 1, Hamielec and Johnson (H3) obtained 
A 2 -2 
Sh = 1.13 (5 1)2 Pe (76) 
the values of the coefficient Al being found in references (H3) 
and (B3). 
At higher Reynolds numbers, 100 < Re < 1000, and using the 
modification of the boundary conditions of Chao (C5) due to Lochiel 
and Calderbank (L18), the resulting equation is 
( 






1 + (Piui/Pou0)2 Re2 ) 
(77) 
which for a gas bubble in a liquid, pi « uo and Pi pi « Po 
uo' 
yields 
_I , 1 
Sh = 1.13 (1 - 2.90 Re 2)2 Pe2 (78) 
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Hamielec, Johnson and Houghton (H4) used finite -difference 
methods to obtain steady state solutions of the Navier- Stokes equation 
for Reynolds numbers of 0.1, 1, 50, 100 and 200. The results showed 
a steady trend from Hadamard -Rybczynski (H2, R13) flow to boundary - 
layer flow after Levich- Chao -Moore (L11, C5, M12). 
Finally, for very high Reynolds numbers, potential flow 
exists (i.e. the flow of the continuous fluid is irrotational), where 
viscous effects are negligible compared with inertial effects, and 
the solution of Boussinesq (B9) is 
Sh/ 
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Sh = 1.13 Pee (79) 
Equation (79) has been derived in a more accessible reference by 
Ruckenstein (R12). 
To predict overall mass transfer coefficients with the 
above equations, flow separation has to be assumed to be negligible. 
Sih and Newman (S8) investigated mass transfer to a sphere 
in Stokes flow at high Peclet numbers. By using the singular - 
perturbation technique, they found six distinct regions of different 
mass transfer mechanisms. One of these regions, the diffusion 
layer, has already been solved by the boundary -layer method (L11), 
and Sih and Newman (S8) solved the region at the rear of the sphere 
finding that 
Sh = 1.192 (80) 
at the rear stagnation point. 
It should be noted that in the case of a solid sphere, flow 
separation occurs near the rear of the sphere and so the diffusion 
layer region covers most of the surface of the sphere. For a 
spherical bubble with a mobile interface, an even larger portion of 
the surface area is occupied by unseparated flow (L11). For 
deformed bubbles, the region of separation, which encloses the wake, 
may occupy an appreciable percentage of the bubble surface area. 
As Section 1.2.2 of this survey has shown, there are many situations 
in which the bubbles undergoing transfer are not spherical. 
Oblate/ 
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Oblate Spheroids, Prolate Spheroids and Spherical Caps 
For fluid oblate spheroids in potential flow through liquids 
(large Re and Pe), Lochiel and Calderbank (L18) have shown that 
1 Shos 
(2 
(1 + lc) ) 
2 
x 2E /3 (E2 - 1) 2 
Shs 
(3 ) E (E2 - 1) 2 + ln (E + 1/(E2 - 1) ) 
(81) 
where subscript os means oblate spheroid, and subscript s, sphere. 
Thus, Shs is the Sherwood number for a mobile sphere of the same 
volume and is given by Eqn. (79). 
For transfer around prolate spheroids in potential flow they 
derived the following equation, 
Shps 
(2 ) 2 
x 
2E (1 - E2)12 
Shs (3 ) E(1 - E2)2 + sin -1 (1 - E2)2 
where subscript ps means prolate spheroid. 
Values of Shos /Sh and Shps 
/Sh 
calculated from Eqns. (81) 
s 
and (82) by Lochiel and Calderbank (L18) are shown in Fig. (6), 
from which it may be seem that flattening does not influence the 
transfer coefficient to an important degree. 
Sy and Lightfoot (S18) considered the behaviour of drops and 
bubbles at low Re ( < 20) and We < 1 in systems free from surfactants, 
when the departures from sphericity are small. They used the 










































































































1 + A We (7K' 
- 17) 
Shs 20 (K' + 1) 
17 
= 1 - A We 
for small gas bubbles (K' -} 0), when 
A°5=1+4AWe 
s 




_ 1 (81- Kr 3 57 K2+ 103 3) Q-1 (K'+1)) 
(86) 
A 4(K'+1)3 ((80 20 40 4) 12 
where K' = pi/ and Q = Pi/ From Eqns. (84) and (85) Sy and 
uo Po 
Lightfoot (S18) estimated that at the upper end of the Weber number 
range considered, the distortion of the bubble could change its 
Sherwood number by about - 20 per cent. 
For spherical cap bubbles undergoing potential flow, Lochiel 
and Calderbank (L18) considered transfer over the frontal area only 
and arrived at the result, 
Sh 2 
1.58 
(3E2 + 4) 3 




where subscript sc refers to spherical cap frontal area. Values of 
the transfer ratio Shsc /Sh calculated by Lochiel and Calderbank (L18) 
are shown in Fig. (7). 











































































































cap with an included angle of 100° moving in an infinite liquid 
medium and found that 
KL = 0.975 DL2 (g/De) 14 (88) 
58. 
where KL is based on the equivalent spherical area of the spherical 
cap. Equations of similar form but with different multiplying con- 
stants may be obtained by substituting the rise velocity obtained from 
the Davies -Taylor equation (Eqn. (31)) into the Boussinesq equation 
(Eqn. (79)) and the Lochiel -Calderbank equation (Eqn. (87)), sub- 
stituting E = 4.3, corresponding to 0 = 50 °, into the latter equation. 
The Effect of Insoluble Gases on the Absorption Rate of Freely Rising 
Bubbles of Soluble Gas in Liquids 
Danckwerts (D2) and Loudon et al (L20) analysed the absorption 
into a liquid of a soluble gas from a rising bubble consisting of a 
mixture of insoluble and soluble gases. It was shown that the 
absorption rate from the soluble gas mixture was little different 
from that when a gas bubble of the pure soluble gas was employed, if 
the initial volume of soluble gas employed in both bubbles was the 
same. 
(b) Gas Bubble Absorption Models 
The Nernst -Lewis -Whitman film theory (N2, L10) assumed the 
existence of a laminar fluid film, moving as a whole with constant 
velocity, on the interface, with turbulence existing outside these 
films/ 
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films, and concluded that the coefficient of mass transfer was 
linearly dependent on the coefficient of molecular diffusion and 
inversely proportional to film thickness. 
Higbie (H10) considered the film theory incorrect because the 
short phase contact in the superficial layer would not permit a 
stationary distribution of concentration to be successfully established, 
and so concluded that mass transfer was accomplished by unsteady - 
state molecular diffusion, (termed penetration by Higbie). Neglect- 
ing the influence of the real geometry of the interface, and the 
influence of convective transfer, Higbie (H10) obtained the equation 
KL = 1.13 7 = 
e 
(89) 
where te is the phase contact time which Higbie took to be equal to 
De /U for a bubble in motion. The exact agreement of Eqn. (89) with 
the Boussinesq solution, (Eqn. (79)), seems to be purely coincidental 
(H6, R8). Eqn. (89) is simply the expression for molecular diffusion 
into an infinite liquid with the boundary conditions of uniform 
concentration at t 
e 




Danckwerts (D1) proposed a model based on renewal of the 
surface, resulting from continuous replacement of liquid (or gas) 
elements adjacent to the interface by new elements reaching the 
surface. An exponential distribution of residence times of liquid 
elements on the surface results, and the average transfer coefficient 
is given by 
KL/ 
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KZ = D (90) LS 
where S'was the fractional rate of surface renewal. The surface 
renewal parameter is, however, not measurable. 
The hydrodynamic conditions close to the interface were 
correctly taken into consideration in Levich's diffused boundary 
layer theory (L11). This theory gave a new meaning to the film 
thickness of the film theory - considering it not as an immobile 
layer (or, what is equivalent, to be moving as a single whole with a 
constant velocity), but as the thickness of the diffused boundary 
layer, (the region of sharpest change of concentration), amenable to 
strict calculation. 
Stewart, Angelo and Lightfoot (S15) used a generalization of 
the penetration and surface-renewal theories, surface stretch effects 
being to heat mass at 
mobile interfaces. Stewart et al (S15) pointed out that for a 
circulating bubble, the penetration and surface-renewal theories 
failed, since the exposure time of the surface elements was unlimited. 
The surface elements were not renewed, but were simply stretched out 
from the front of the sphere and crowded in at the rear. Thus the 
earlier theories which ignored the changes in size of the surface 
element failed to predict the pseudo- steady behaviour, (i.e. steady 
when viewed from some external non -deforming coordinate frame). 
From their theory, Stewart et al (S15) derived the Levich equation 
(Eqn. (75)), and obtained the results of the diffusional analyses 
of Baird and Hamielec (B3), Winnikow (W10) and Cheh and Tobias (C6) 
for/ 
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for circulating bubbles in non -creeping flow. 
(c) Experimental Work 
Newtonian Liquids 
Liquid film controlled mass transfer rates from soluble gas 
bubbles rising freely in liquids has been extensively investigated by 
experimenters using a variety of methods. Most of the investigations 
have been concerned with multibubble systems. Those experimenters 
who did work with single bubbles generally obtained their data averaged 
over the life of the bubble. In many cases the results were 
influenced by the wake of the preceding bubble. 
Thus pasveer (P2), Pattle (P3), Bowman and Johnson (B10), 
Coppock and Meiklejohn (C15), Guyer and Pfister (G13), Li et al (L13), 
and von Bogdandy et al (V1), determined average transfer coefficients 
around bubbles rising in a continuously generated bubble stream 
through a liquid pool, by measuring overall volume or liquid phase 
solute concentration changes with time. 
Various methods have been used to determine the rate of change 
of volume of a single bubble and hence its mass transfer coefficient. 
Ledig and Weaver (L5) and Ledig (L4) determined average transfer 
coefficients by using a closed system open to the air through a 
capillary tube, a photographic technique being used to record the 
motion of the meniscus produced by the change in bubble volume. A 
similar technique with minor modifications was later used by Clarke (C8), 
Hammerton (H5), Hammerton and Garner (H6), Leonard (L7), Leonard and 
Houghton/ 
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Houghton (L9) and Redfield and Houghton (R2). 
Baird and Davidson (B2) obtained instantaneous transfer data 
by measuring the rate of volume, change by cinephotography of a stop- 
watch and a sensitive soap -film meter connected to the absorption 
column. Deindorfer and Humphrey (D8) employed a photographic 
technique to determine volume changes and hence instantaneous mass 
transfer rates for individual bubbles in liquids. This technique has 
been criticised by Calderbank and Lochiel (C3) and Zieminski and 
Raymond (Z2) especially when used for larger and deformed bubbles; 
since as the bubble volume was determined indirectly from the linear 
bubble dimensions the accuracy of such measurements was questionable. 
Calderbank and Lochiel (C3) and Loudon (L19) estimated instantaneous 
transfer rates from bubbles. The first -named investigators recorded 
pressure changes occurring in the gas space above the liquid surface; 
while the latter recorded, by way of a pressure transducer, pressure 
changes at a point in a closed, constant volume liquid column con- 
taining the gas bubble, from which the mass transfer rate was being 
measured, as the only gas space in the column. Nate and Hivauelblau 
(N1) obtained instantaneous transfer rates by using an apparatus 
designed to set up steady state rates of transfer from a stationary 
gas bubble to a flowing liquid film which surrounded the bubble. 
Zieminski and Raymond (Z2) determined instantaneous mass transfer 
coefficients by employing a method of measurement similar to that of 
Ledig and Weaver (L5). They used high speed photography to follow 
the motion of the bubble simultaneously with the change in volume as 
indicated / 
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indicated by the capillary of a dilatometer. 
A representative selection of experimental data obtained by 
various investigators for mass transfer coefficients of freely rising 
gas bubbles in water is to be found in Fig. (3) of Ref. (L19). 
From Fig. (3) of Ref. (L19), Loudon (L19) noted that the highest 
values of KL were for dissolution rates determined by continuous 
bubbling methods, where bubbles rose through a central core of 
turbulent liquid and were subject to mutual proximity effects. 
Thus the extrapolation of data to zero bubbling rate by Bowman and 
Johnson (B10) resulted in KL decreasing towards transfer data for 
Single isolated bubbles. 
Zieminski and Raymond (Z2) measured transfer rates around 
small carbon dioxide bubbles, (0.26 < De < 0.38 cm.), rising through 
water and their results are shown in Fig. (8). The curve shows a sharp 
rise in the KL value with decrease in bubble size to a diameter of 0.3 
cm., and then a gradual drop. Zieminski and Raymond (Z2) pointed out 
that analysis of their high speed photographs revealed that in the 
bubble size region De < 0.3 cm., the helical motion of the bubble 
gradually disappeared and the bubble began to rise vertically, which 
suggested a decay of circulation. Thus Zieminski and Raymond concluded 
that the occurrence of the maximum in KL could be explained by the trans- 
ition from the circulating bubbles to rigid spheres. The results of 
Hammerton and Garner (H6) for ethylene, oxygen, carbon dioxide and 
hydrogen bubbles in water, and those of Baird and Davidson (B2) for 
carbon dioxide bubbles in water also show maxima of KL values at a 
diameter/ 
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diameter of about 0.3 cm. Zieminski and Raymond's conclusions (Z2) 
are also in agreement with the findings of von Bogdandy et al (V1), 
Hammerton (H5), and Hammerton and Garner (H6), whose experimental 
results show a downward trend at small bubble diameters towards 
solid sphere predictions (Eqn. (73) or (74)). 
Haumierton and Garner (H6) took a few results for carbon 
dioxide bubbles, (0.2 < De < 0.6 cm), rising through glycerol, and 
these are shown in Fig. (9). They observed that the rate of dissolu- 
tion of carbon dioxide bubbles increased from a value above that 
indicated by the Frössling equation for solid spheres, (Eqn. (73)), 
at a diameter of 0.25 cm and approached the Higbie equation, (i.e. 
more accurately the Boussinesq potential flow equation (Eqn. (79)), 
at a diameter of 0.6 cm (i.e. Re = 0.15). These results are in 
keeping with the observations of Garner and Hammerton (G2) who investi- 
gated small bubbles rising in glycerol (Re = 0.002 to Re = 1) and 
found that the velocities agreed with those predicted by the Hadamard- 
Rybczynsky equation, (Eqn. (19)), for De > 0.3 cm (Re _ 0.023), and 
that the transition from rigid to circulating sphere took place 
between D 
e 
= 0.2 cm and D 
e 
= 0.3 cm. 
Davenport et al (D5) measured average mass transfer coefficients 
over column lengths of up to 300 cm from single carbon dioxide bubbles 
to water, (distilled and tap), aqueous solutions of polyvinyl alcohol 
(PVA), and ethyl alcohol, with an accuracy of approximately ± 20 per 
cent. The transfer coefficients for tap water were on average 15 
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expressed some doubt about the purity of the distilled water used in 
their work, and the presence of impurities may explain the fall off in 
transfer coefficient as De decreased from 2 cm to 0.8 cm, the smallest 
bubble size investigated. Because PVA reduced the surface tension of 
water, it was not possible to separate completely the effects of vis- 
cosity and surface activity. The addition of 0.5 per cent PVA to 
water resulted in a 50 per cent drop in mass transfer coefficient 
though the viscosity was only raised to 2 cP. Further additions of 
PVA caused a continuous increase in KL until 216 cP was reached, in 
which large bubbles, De > 3.6 cm, developed skirts and the resulting 
transfer coefficients were 30 per cent higher than for bubbles without 
skirts. 
Several investigators (C8, D4, D8, L3, L7, L9, R2) found the 
transfer rate around single rising bubbles to decay with increasing 
bubble age. In contrast to the data of Calderbank and Lochiel (C3) 
and of Loudon (L19), Baird and Davidson (B2) observed mass transfer 
coefficients for carbon dioxide bubbles in water to decrease throughout 
rising time for De > 2.5 cm. Baird and Davidson (B2) in agreement 
with von Bogdandy et al (V1), Hammerton (H5), Calderbank and Lochiel 
(C3), Loudon (L19) and Zieminski and Raymond (Z2) found no time - 
dependence for the transfer for smaller bubbles. 
Barnett et al (B4) suggested that the observed time -dependence 
of the transfer coefficients of Deindoerfer and Humphrey (D8) was 
due to imperfections in the bubble release mechanism resulting in 
iftitial wild bubble oscillations. Baird and Davidson (B2) attributed 
their/ 
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their time -dependent transfer rates around large spherical cap bubbles 
to gradual wake saturation. Leonard and Houghton (L9) postulated that 
mass transfer might induce electrokinetic potentials at the interface 
leading to the formation of a thin layer of stagnant liquid around 
the bubble surface. It was further proposed that the volume of the 
film would remain constant so that its thickness would increase on 
dissolution of the bubble. Lochiel (L16) noted that this mechanism 
implied eventual interfacial stagnation, (i.e. rigid sphere transfer), 
and for gas bubbles in low viscosity liquids, Eqns. (73) and (74) for 
solid spheres underestimated transfer rates by five to ten times. 
Lochiel (L16) summarised a substantial amount of evidence supporting 
the contention that transfer rate decay with increasing bubble age 
was due to progressive interfacial contamination by surfactants, which 
diffused towards a freshly -found interface and retarded interfacial 
flow. For large interfacial shear rates caused by the external 
liquid flow, surface -active agents would not be expected to reduce 
interfacial movement to an important degree. Thus Clarke (C8) 
investigated mass transfer from carbon dioxide and ethylene bubbles, 
(0.1 < De < 0.4 cm),to distilled water and aqueous solutions of glycerol, 
and noted that though in water transfer from the bubbles was highly 
time dependent, for concentrations in excess of 12.5 per cent wt /wt of 
glycerol the transfer coefficients were time -independent. 
Leibermann (L6), Manley (M3) and Houghton et al (H12) have 
shown that even the most carefully purified water may contain contami- 
nants that inhibit the dissolution rates of small bubbles, though the 
contaminant/ 
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contaminant concentration may be too low to detectably affect the 
physical properties of the gas -liquid system. Deliberate addition of 
surfactants to the continuous liquid phase (B2, H5, L9, S7, T4) has 
resulted in decrease in KL by reduction of interfacial flow (G3, G14, 
L17, L22),by damping of interface ripples (B2), or by formation of a 
stagnant cap over the bubble rear (C17). 
Ruckenstein (R11) demonstrated theoretically that solute 
concentration variation in the boundary layer around a soluble bubble 
in laminar motion through a pure liquid phase, would, as a result 
of the Marangoni effect, influence the liquid velocity distribution 
in the vicinity of the interface leading to a dependence of the mass 
transfer coefficient on the direction of the transfer. 
Non- Newtonian Liquids 
Timson and Dunn (T4) studied the mechanism of gas absorption 
into distilled water and 0.5 per cent aqueous Carbopol, (a highly 
pseudoplastic liquid), from oxygen bubbles existing under shear in 
the annulus between two cylinders, the inner of which was rotated. 
Over rates of shear in the range 0 to 250 sec -1 it was found that the 
absorption coefficient of the oxygen in distilled water to which was 
added 15 p.p.m. of pentapropylbenzene -sulphonate surfactant decreased 
by as much as 67 per cent compared to the absorption coefficient in 
distilled water. Over the same range of shear in the contaminant -free 
Carbopol solution, the mass transfer coefficient fell up to 50 per 
cent below that in distilled water, and on addition of the surfactant 
68. 
KL was further depressed to fall between 20 and 30 per cent of that 
in distilled water. 
Barnett et al (B4) obtained instantaneous transfer data for 
the absorption of small carbon dioxide bubbles (De < 0.5 cm) rising 
through 0.1055 per cent wt and 0.272 per cent wt aqueous CMC solutions. 
They used the same photographic technique of Deindoerfer and Humphrey 
(D8) to measure bubble volume changes and hence mass transfer 
coefficients. Transfer rates were found to be high initially and to 
tail off rapidly with bubble age, although there were some exceptions 
when the trend was reversed and KL rose to a maximum before falling 
off. These exceptions occurred at specific diameters where the bubble 
shape went through a transition. Thus at a diameter of about 0.2 cm 
Barnett et al (B4) observed a transition from oblate spheroidal to 
spherical shape, and at a diameter of approximately 0.4 cm a change 
from top to oblate spheroidal shape. 
Loudon (L19) measured instantaneous mass transfer coefficients 
for carbon dioxide bubbles (0.5 < De < 5 cm) rising through aqueous 
CMC solutions of solute concentrations 0.5 - 3.0 per cent wt contained 
in a 4 in (10.16 cm) I.D. column, and his results are shown in Fig. 
(10). It was found that the decay rate was highest in the 0.5 per 
cent wt aqueous CMC solution at only 3 -4 per cent /sec over a bubble 
age difference of up to six seconds. This time dependence diminished 
with increasing pseudoplastic viscosity until in the 3.0 per cent 
wt aqueous CMC solution there was no appreciable age effect. Loudon 






































































































































generally less pronounced with increasing pseudoplastic viscosity 
until in the 3.0 per cent wt aqueous CMC solution the mass transfer 
coefficient was virtually independent of bubble diameter. At the 
same time KL exhibited a general decrease with increasing pseudoplastic 
viscosity, this being most noticeable at smaller bubble diameters. 
As bubble transfer coefficients are dependent on the viscosity 
of the solution through which they are rising it is interesting to 
note that Ernst (E2) studied the effect of solvent purity on non- 
Newtonian viscosity by measuring viscosities of 0.05 per cent wt /wt 
concentrations of CMC, Natrosol 250 and J -2P in domestic water and in 
high purity distilled water. He found a marked dependence of the 
final viscosity of the CMC solution on solvent purity. Of the three 
polymer additives used, only J -2P had a viscosity independent of both 
time and solvent purity. Ernst (E2) thus demonstrated the importance 
of solvent purity in determining the viscosity of non -Newtonian fluid 
solutions, especially for anionic polymers like CMC. 
1.3.2 EFFECT OF SOLID AND FLUID BODY INSTABILITY ON MASS TRANS.bha 
Lochiel (L16) and Levich (L11) have shown that the time needed 
for the establishment of a steady bubble regime is very short, of the 
same order as the time taken by the bubble to rise through its own 
diameter and renew its interface. Lochiel (L16) concluded that oscilla- 
tion and volume change would not unduly disturb the initiation of 
steady -state transfer conditions around freely rising fully -circulating 
bubbles unless the bubble diameter was less than about 0.2 cm. Steady - 
state/ 
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state equations could therefore be used to express instantaneous 
transfer rates at which bubble dissolution occurred with reasonable 
accuracy. 
Rose and Kintner (R4) developed a mass transfer model for 
vigorously oscillating single liquid drops moving in a liquid field 
utilising the concept of interfacial stretch and internal droplet 
mixing. The model took into account both amplitude and frequency 
of drop oscillation. Experimental values of fraction extracted 
(01, G3, J3, L14, S9) were predicted with an average deviation of 
15 per cent - these results being an order of magnitude greater than 
calculated extraction rates based on Hadamard- Rybczynsky streamlines 
(H2, R13) existing within the drop. The oscillations broke up 
internal circulation streamlines and resulted in a type of turbulent 
internal mixing being achieved. Harriott (H9) suggested that the 
vigorous drop oscillations observed in some cases were set up as the 
drop formed, the oscillations being slowly damped as the drop fell. 
Lochiel (L16) showed that steady state around a solid sphere 
of fixed size applied after the sphere had moved through a distance 
approximately equal to ten times its diameter. Thus for a rapidly 
dissolving solid sphere steady conditions could not be attained and 
the steady -state equations only approximately described the transfer 
rates. Lochiel (L16) pointed out that heat and mass transfer studies 
have shown that vibration and rotation has no effect on transfer 
coefficients when the vibrational and rotational velocities were less 
than the main -stream velocity. Noordsij and Rotte (N4) have recently 
measured average mass transfer coefficients to a rotating and to a 
vibrating/ 
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vibrating sphere in a stagnant liquid using an electrochemical 
method. Semi -empirical equations for the mass transfer coefficient 
were presented for the rotating sphere and for the vibrating sphere. 
1.3.3 SUMMARY. Mass Transfer Between Gas Bubbles and Liquids 
Theoretical predictions of forced convection mass transfer 
rates around rising rigid or circulating spherical bubbles at low 
Reynolds numbers and in potential flow have been carried out. For 
non- spherical bubbles, the theoretical analyses, (with the exception 
of the work of Sy and Lightfoot (S18) for slightly deformed oblate 
bubbles at low Reynolds numbers), have been restricted to potential 
flow transfer, for spherical cap bubbles the potential flow transfer 
predictions applying over the frontal surface only. For ideal 
fluids where the Reynolds number is infinite or for viscous fluids 
where the flow of the continuous fluid is irrotational, the potential 
flow solutions are applicable. The complex nature of bubble wakes 
has meant that no adequate theoretical analysis of wake transfer has 
been carried out, though a knowledge of wake transfer is of importance 
in determining overall transfer rates around large deformed bubbles, 
particularly those bubbles adopting the spherical cap shape. In the 
Reynolds number range intermediate between the creeping flow regime 
and the potential flow regime, theoretical analyses have dealt with 
only spherical bubbles; and as pointed out by Redfield and Houghton 
(R2) / 
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(R2) these spherical models represent only gross approximations 
because of the complicated changes in shape, motion and the effects 
of boundary layer separation (the wake). 
Many early investigators measured average transfer coefficients, 
often in multibubble systems, and their data is of limited value (L16). 
The weight of recent experimental work suggests that the disagreement 
between the values obtained for liquid film controlled mass transfer 
coefficients by various investigators is connected with the purity of 
the gas - liquid system used, since progressive interfacial contamination 
by surfactants results in KL being time -dependent. Increasing liquid 
viscosity would be expected to reduce the effect of surfactants present 
and thus eventually to eliminate the time -dependence of KL. Bubble 
oscillation and volume change are not expected to unduly affect the 
initiation of steady -state transfer conditions around fully- circulating 
bubbles in free rise, except in the case of very small bubbles 
(De < 0.2 cm) (L16) . 
73. 
C H A P T E R 2 
E X P E R I M E N T A L P R I N C I P L E S 
2. INTRODUCTION 
The aims of the experimental programme were to determine near 
instantaneous diameter, rise velocity, shape, surface area, overall 
mass transfer product and hence mass transfer coefficient, for single 
gas bubbles in free rise through both Newtonian and non -Newtonian 
liquids. 
The method employed in determining the rate of bubble dissolu- 
tion was to record pressure changes at a point in a constant volume 
system as the bubble rose and dissolved in the system. The gas 
bubble rose through a liquid pool filling a column isolated from the 
atmosphere. This technique is identical to that used by Loudon (L19). 
In choosing the gas- Newtonian liquid systems, it was necessary 
to have in bulk, pure transparent liquids of well defined physical 
properties and covering a wide range of liquid viscosity; and a high 
purity gas of solubility such that conveniently measurable rates of 
pressure change during absorption runs were possible. For these 
reasons the carbon dioxide -water and carbon dioxide -aqueous glycerol 
solutions systems were selected. Carbon dioxide was also chosen for 
use in a non- Newtonian liquid - an aqueous solution of polyethylene 
oxide (polyox) of concentration 1% by weight. Polyox solutions are 




As pointed out above, the experimental technique employed is 
identical to that used by Loudon - so the derivation of the relation- 
ships allowing the interpretation of pressure measurements during the 
ascent and dissolution of a gas bubble in the liquid is similar to 
that found in ref. (L19). It is given below for the sake of complete- 
ness. 
In the system considered, the gas bubble constitutes the only 
gas space existing in the system bounded by the column walls. 
Assuming: PBVB = n'RT Ideal Gas Law (91) 
PB = M'.He.0 Henry's Law (92) 
dn' 
dt 
- KLA(C - Co) Fick's Law (93) 
T = constant Isothermal conditions 
then if after time t, the bubble is at height h above the pressure 
recording station situated in the liquid, then differentiating the 




i.e. dn' 1, dVB VB dPB) 
dt RT dt + dt 
Introducing Fick's Law, 
(PB dVB VB dPB) 
- KLA(C - 









to be zero, and using Henry's Law to give the interfacial solute 
concentration C , 
KLA 
1 (dV V dP ) 
= B B B 
dtPB dt + 







The bubble internal pressure PB' and the liquid pressure PT 
at the pressure recording station situated at depth h below the bubble 
are related by 
P 
° PB = PT - -p .h + PA (99) 
As all experimental runs were carried out with the liquid in the 
column maintained at 25 °C, the unit of pressure employed in this work 
was cm H2O at 25 °C. 
Equation (99) assumes that pressure equilibrium exists across 
the bubble wall. Atmospheric pressure PA is introduced to allow for 
measurement of PT on a gauge pressure recording instrument. 
Differentiating Eqn. (99) with respect to t and replacing 
the resulting term 
dt 








Further, by direct measurement, a specific compressibility, a, of 






As the bubble volume constitutes the only gas space in the otherwise 
completely liquid -filled column, any change in volume of the liquid 
system bounded by the column walls will be reflected in an equal 
change in bubble volume. If at time t = 0 the initial bubble volume 
is VB1 and the corresponding liquid pressure at the pressure recording 
station is PT1' then from Eqn. (101) 
VB - VB 
a 
PT1-PT 
i.e. VB = VB1 + a (PT - PT1) 






Combining Eqns. (99), (100), (103), (104) with Eqn. (97) gives 
1 
(a dPT (V + a (P - P ))(dPT poUB) ) - KLA = ( 
dt 










By photographing a bubble at height h, thus enabling a 
decision on bubble shape to be made, and calculating the instantaneous 
bubble volume from the photographic measurements, the assumed analytical 
equations defining the bubble surface may be verified by comparison 
with VB obtained from equation (103). 
Summarising, instantaneous values of the following parameters 
may be determined: 
(i) bubble volume VB (and hence equivalent spherical diameter De) 
(ii) overall mass transfer product KLA 
(iii) bubble surface area, A 
(iv) overall mass transfer coefficient KL. 
78. 
2.1 EQUIPMENT 
2.1.1 Mass Transfer Column 
The column in which the absorption experiments were carried 
out is shown schematically in Fig. (11) and is essentially the same 
as that used by Loudon (L19). The main features of the equipment 
will be described briefly - a complete description can be found in 
(L19); and then the modifications to the equipment of Loudon will be 
dealt with in more detail. 
The main column consisted of a 3 ft. (91.4 cm) vertical length 
of Q.V.F. glass pipe of 4 in. (10.16 cm) I.D., around which were 
mounted three photoelectric cell units P1, P2 and P3. P1 and P3 
rested on rubber 0 -rings mounted around the column and were used in 
connection with bubble terminal rise velocity measurements, and unit 
P2 was mounted in a 6 in. (15.2 cm) cubical Perspex optical block (B) 
which surrounded the outer wall of the column, and on opposite sides 
of which were mounted a camera (C) and a photoflood (P). The photo- 
electric cell unit P2 served to actuate a solenoid (S) operating on 
the camera shutter cable release, thus automatically photographing 
a rising bubble midway between photoelectric cell units Pl and P3. 
Illumination for each of the three photoelectric cell units was 
provided by a 60 watt striplight. 
The column main section was supported on a Q.V.F. glass equal 
tee of 4 in. (10.16 cm) I.D., in which was situated the bubble release 
mechanism consisting of a transparent plastic hemispherical dumping 
cup / 
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cup mounted on the end of a rigid copper gas inlet tube. A 10 in. 
(25.4 cm) diameter steel disc of in. (0.635 cm) thickness closed the 
horizontal leg of the column equal tee section. In this steel end -flange 
were mounted the gas inlet tube, a pressure transducer, a mercury -in- 
glass thermometer and the inlets of two lines used for liquid displace- 
ment and gas purging purposes. 
Gas from a pressure reducing valve mounted on a compressed carbon 
dioxide gas cylinder was supplied to the gas inlet tube through 
4 
in. 
(0.635 cm) bore rubber pressure tubing. A twin outlet needle valve (V3) 
installed in this line allowed blowdown of gas supply pressure, and a 
short length of rubber tube attached to the atmospheric outlet of V3 
discouraged air dilution of supply gas during injection and blowdown 
sequences. The gas inlet tube consisted of a 23.5 cm length of brass 
tube of 0.48 cm bore, terminating in a 1.2 cm length of 1 mm bore brass 
tube in which was drilled a 1 mm diameter hole 0.6 cm. from the sealed 
tip. The 1 unu bore brass terminal tube was covered by a 1.2 cm length 
of bicycle valve tubing, anchored by a few turns of fine copper wire 
at the brazed junction with the main 0.48 cm bore section. This arrange- 
ment acted satisfactorily as a non -return valve. A glass stopcock V6 
of 
8 
in (0.32 cm) bore and a 16 in (0.16 cm) needle valve V5 were 
situated on the liquid displacement line which terminated in the column 
end -flange. The section of the liquid displacement line between the 
end -flange and the needle valve V5 consisted of a length of -i-6- in (0.48 cm) 
bore copper tubing, and the needle valve outlet was linked to the lower 
end of the vertical leg of a 
16 
in (0.48 cm) bore glass tube by means 
of a short length of rubber tubing. The gas purge line allowed 
communication/ 
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communication between the liquid in the column and residual liquid in 
the Polythene liquid reservoir. A Klinger AB10 brass stopcock 
fitted with a 
8 
in. (0.32 cm) bore Teflon bush (V4) was coupled to 
a l4 in. (4.45 cm) length of 
8 
in. (0.95 cm) bore brass tubing screwed 
into the column end -flange, and also communicated with the main liquid 
reservoir by means of a length of 
4 
in. (0.635 cm) bore rubber tubing 
terminating in a length of in. (0.635 cm) bore glass tubing which 
dipped into residual liquid contained in the reservoir. The purge 
line permitted displacement by liquid of any gas pockets trapped in 
the horizontal leg of the column equal tee section. 
Two Q.V.F. glass reducing sections reduced the column diameter 
from 4 in. (10.16 cm) I.D. to 1 in. (2.54 cm) I.D. at the top and 
bottom. A stainless steel adaptor section further reduced the column 
diameter to 
4 
in. (0.635 cm) I.D. at the bottom, thereby permitting 
the attachment of a 
4 
in. (0.635 cm) bore Hone valve (V1) at the 
bottom of the column. A 2 in. (1.27 cm) bore Sabal ball plug valve 
(V2) was located at the upper end of the column. The lower valve 
V1 was connected vía a length of I in. (1.27 cm) bore rubber tubing 
to a 40 litre capacity Polythene liquid reservoir. The upper 
stopcock V2 communicated with a liquid disengagement space, which in 
turn was connected through a drying flask containing calcium chloride 
to a reducing valve and suction pump by means of a length of 
4 
in. 
(0.635 cm) bore rubber pressure tubing. By applying a partial 
vacuum to the liquid disengagement space, the column could be filled 
with liquid drawn through V1; and, further, the liquid in the column 
could be degassed with V1 closed. A length of 
4 
in. (0.635 cm) 
bore/ 
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bore rubber tubing allowed communication between the liquid disengage- 
ment space and the pressure transducer tailpipe, via a Buchner filter 
flask acting as a liquid trap, and a small drying tower packed with 
silica gel. This line could be opened to atmosphere by means of a 1 in. 
(1.27 cm) bore glass stopcock V7. Installation of this line was 
necessary to prevent too large a pressure difference being developed 
across the pressure transducer diaphragm during column filling and 
liquid degassing sequences. 
Column sections were flanged and bolted together with 
standard Q.V.F. alloy flanges which gripped the tapered glass section 
ends via rubber compression rings, and all glass to glass joints as 
well as that joint between the steel end -plate and the horizontal 
leg of the glass equal tee section were rendered airtight by means of 
rubber gaskets. A framework with a support section, (2 ft. 6 in. 
( 
' 76 cm) in height and approximately 10 in. (25 cm) square), for 
the column, and carrying a horizontal wooden surface and a vertical 
wooden surface was constructed from angle -mild steel for the equipment. 
The entire column structure was supported by bolting the lowermost 
42 in. (11.43 cm) I.D. alloy flange to the support section of the mild 
steel framework. Additional stability was obtained by bolting the 
uppermost 42 in. (11.43 cm) I.D. alloy flange to a steel bracket 
which was screwed to a vertical steel plate screwed at its lower end 
to the support section of the steel framework. The tape recorder, 
amplifier and microsecond stopclock were placed on the horizontal 
wooden surface, while the instrument dials and switches, and the two 
0 -260 v/ 
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0 -260 v slide regulators were mounted on the vertical surface. The 
equipment was housed in a room, the temperature of which was controlled. 
2.1.2 Modifications to Equipment 
(1) The mild steel disc used in the equipment described in ref. 
(L19) had its face that was in communication with the column chromium 
plated and further coated with 'Britect', a transparent lacquer, due 
to difficulties encountered in the rusting of that part of the disc 
in contact with the liquid contained in the column. In view of this, 
the mild steel disc was replaced by a 
4 
in. (0.635 cm) thick stainless 
steel disc of the same dimensions and with the gas inlet tube, 
pressure transducer, mercury -in -glass thermometer and inlets of the 
two lines for liquid displacement and gas purging mounted in exactly 
corresponding positions in the disc. 
(2) In the equipment used in this work, a stainless steel adaptor 
section and a Hone valve (V1) replaced the glass reducing section and 
glass stopcock at the lower end of the column, whereas a Sabal ball 
plug valve (V2) replaced the glass adaptor section and stopcock at 
the top of the column. Although the glass stopcocks were lubricated 
at points displaced as far as possible from the stopcock bores, spread- 
ing of the petroleum jelly lubricant over the glass plugs after a few 
turns of the plugs to allow opening and closing of the stopcocks, 
means that the lubricant constituted a potential source of liquid 
surfactant/ 
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surf actant contamination. Consequently it was desirable to replace 
the glass stopcocks by valves requiring no lubrication. A stainless 
steel adaptor section was made which reduced the column diameter from 
1 in. (2.54 cm) to 
4 
in. (0.635 cm) I.D. A diagram of this section 
is shown in Fig. (12). The larger end of the adaptor section was 
soldered into a flange, thus allowing it to be bolted to theQ.V.F. 
alloy flange surrounding the glass section of column immediately above 
this steel adaptor section. The other end of this adaptor section 
was externally threaded for a distance of z in. (1.27 cm) to permit 
it to be screwed into an internally threaded opening of the Hone valve 
(V1). The Chromium -Nickel Hone needle valve of 
4 
in. (0.635 cm) I.D. 
required no lubrication. The other opening of the Hone valve was 
externally threaded so that a small brass adaptor section could be 
screwed onto it. Over the end of this adaptor section, (external 
diameter 
8 
in. (1.59 cm)),was fitted a z in. (1.27 cm) bore rubber 
tubing which was connected with the Polythene liquid reservoir. 
The Sabal G type ball plug valve ASA 150 (V2) at the upper 
end of the column was of z in. (1.27 cm) bore and constructed of a 
P.T.F.E. bush with steel barrel and end flanges. Thus this stop- 
cock required no lubrication and at the same time could be quickly 
opened and closed. The end flanges of valve V2 were suitably bored 
to permit it to be bolted into place. 
(3) The 150 Watt 240 v A.C. photoflood used in the work of Loudon 































































spot lamp housed in a Lucas Headlamp with a chrome plated reflecting 
surface. The entire photoflood assembly was mounted 85 cm. away 
from the column on a Dexion bracket which was bolted onto a steel 
bracket which in turn was screwed into the wall of the room contain- 
ing the experimental equipment. The Tungsten Iodine lamp provided 
approximately the same amount of light for the photographing of the 
gas bubbles as the 150 Watt photoflood, but at the same time gave out 
appreciably less heat. This reduced the problem of creating hot 
spots in the liquid contained in the column - noting that the equations 
derived for processing the experimental measurements assume an 
isothermal system. 
The camera used for taking the bubble photographs was an 
Exacta Varex IIb single lens reflex 35 mm camera fitted with a 
Pancolar 2/50 f 2 lens, the same camera used by Loudon. 
(4) Glycerol is a hygroscopic liquid (F3) and as aqueous solutions 
of glycerol were used in the experimental programme, it was necessary 
to dry the air in contact with the liquid free surface in the poly- 
thene liquid reservoir. Thus the reservoir was made air tight by 
screwing on the cap. Two holes were bored in the top of the cap and 
each stopped with a rubber bung with a hole through its centre. 
Through one of these holes passed the glass tubing which terminated 
the gas purge line by dipping into the liquid contained in the 
reservoir (see Fig. (11)). A shorter length of 
4 
in(0.635 cm) bore 
glass tubing which communicated with the air above the liquid free 
surface in the reservoir passed through the hole in the other rubber 
stopper/ 
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stopper. This glass tube was connected by means of a 
4 
in. (0.635 cm) 
bore rubber tubing to a drying tower containing calcium chloride and 
open at its other end to the stmosphere. 
(5) The water ejector system used for applying a partial vacuum 
to the liquid disengagement space was replaced by an electrically 
driven Speedivac High Vacuum Single Stage Pump made by Edwards and Co. 
(London) Ltd. This pump was connected in series with a reducing valve 
supplied by Edwards High Vacuum Ltd. and a drying flask containing 
calcium chloride. It was necessary to use a vacuum pump in place of 
a water ejector vacuum system as the water pressure from the tap in 
the room in which the experimental equipment was housed was too small 
to permit the required column filling and liquid degassing operations 
to be carried out. 
(6) It was decided to control the temperature of the room in 
which the equipment was housed so that all experimental measurements 
could be carried out on an isothermal system at 25 °C. A bimetallic 
thermostat controlled the switching on and off of the 1 kilowatt 
heating element of an electric fan heater situated 100 cm above floor 
level. A fan was situated on the floor of the room and a window 
200 cm above the floor was kept slightly open. The thermostat could 
be set to control at various temperatures by adjusting a dial situated 
above its bimetallic stem. A mercury -in -glass thermometer hanging 
in the air near the thermostat gave a quick indication of the temperature 
at which the thermostat was controlling, while a red warning light 
indicated/ 
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indicated whether or not the heating element of the fan heater was 
on. The temperature of the liquid in the column was obtained from 
the mercury -in -glass thermometer located in the end -flange and 
projecting into the liquid (see Fig. (11)). 
(7) To improve the accuracy of measurement of the instantaneous 
pressure, , P and the rate of change of pressure, 
dP 
T /dt, it was 
decided to alter the means of recording the pressure variations in 
the constant volume column as the gas bubble rose through the liquid 
and dissolved. Consequently instead of recording the pressure trace 
generated by the transducer on a Visicorder as in the work of Loudon 
(L19), the trace was amplified by a mains powered Rocher Electronique 
Amplifier and recorded on Channel 1 of the magnetic tape of a mains 
powered Elliot Tanberg Tape Recorder, Model 64E2. The tape recorded 
pressure trace was then digitised with the aid of an analogue- digital 
converter and a PDP -8 digital computer. 
The pulses, 0, 1, 2 and 3, marking locations corresponding to 
the bubble in the cup just after injection and just prior to release, 
and to the bubble at photo -electric cell stations P1 and P3, were 
recorded on Channel 2 of the tape recorder. A circuit was constructed 
so that a 'manual' pulse could be generated by pressing a button to com- 
plete the circuit consisting of a 42 v dry cell battery in series with 
a 50 K Q potentiometer. The live and earth leads for the 'manual' 
pulses, pulses 0 and 1, and the triggered pulses, pulses 2 and 3, 
were brought together into a single coaxial plug which was plugged 
into the input to Channel 2 of the tape recorder. To prevent cross 
interference/ 
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interference of the pulses, a 1 -1 3 way switch (SW6), was placed in 
series with the pulse triggers and just before the leads were brought 
together into the single coaxial plug, (see Fig. (13)). 
Details of the specifications of instruments used, and circuit 
diagrams are given in Appendix I. 
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2.2 OPERATION 
2.2.1 Preparation of Liquids 
Water: 
The inside of a 30 litre Polythene reservoir bottle was washed 
with hot tap water and rinsed several times with distilled water. 
The reservoir was then filled by piping distilled water, obtained 
by distilling tap water over an all glass still, through a short 
length of rubber tubing directly into it. To reduce the chances of 
contamination of the distilled water by airborne particles, the 
reservoir top was covered with a layer of cotton wool after the 
delivery line from the glass still had been inserted into the reservoir. 
Aqueous Glycerol Solutions: 
The aqueous glycerol solution supplied by the British Drug 
Houses Ltd. was specified by the manufacturers to have a density 
lying between 1.252 gm /cc and 1.257 gm/cc at 25°C, and to contain not 
less than 98 per cent wt /wt glycerol. Density measurements carried 
out with a 50 cc specific gravity bottle, specified the supplied 
aqueous glycerol solution as being a 99.0 per cent wt /wt solution of 
glycerol in water (see Appendix IV, section A.IV.i). 
To prepare the 90.6 per cent wt /wt aqueous solution of glycerol, 
18160 gm of the 99.0 per cent solution were weighed out, and 1690 gm 
of distilled water added. The mixture was placed in a mixing vessel, 
a large plastic container equipped with a Kestner Evaporator and 
Engineering Co. Ltd. 
4 
H.P. turbine stirrer. The stirrer was set 
in/ 
89. 
in motion at 440 R.P.M. and stirring continued at ambient temperature 
for 45 minutes before transferring the solution to the 40 litre 
Polythene reservoir connected to the base of the mass transfer column. 
Aqueous Polyox Solution: 
The plastic mixing vessel was washed with hot tap water and 
rinsed several times with distilled water. 17250 gm of distilled 
water were weighed out in the plastic mixing vessel and to this was 
added 174 gm of polyethylene oxide, (Polyox WSR 301 supplied by 
Union Carbide Ltd.). Because of the high degree of polymerisation, 
polyox is subject to degradation by the shearing action of high speed 
mixing (B1), and so the turbine stirrer could not be used for mixing 
the solution. Instead the mixing vessel was covered and allowed 
to stand for 7 days, each day it was subjected to mild agitation for 
1 an hour by hand stirring using a clean glass rod. 
To prevent contamination of the liquids used in the experimental 
program all the vessels used in the solution preparation, (the 30 
litre Polythene reservoir used for collecting distilled water from 
the all glass still, the 40 litre Polythene reservoir connected to the 
base of the mass transfer column, and the approximately 100 litre 
plastic mixing vessel), were thoroughly washed with hot tap water and 
rinsed with distilled water prior to use. 
2.2.2/ 
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2.2.2 Column Filling and Liquid Degassing 
The procedure described below was used for all four liquids 
employed in the experimental investigations, (distilled water, 99.0 
per cent and 90.6 per cent wt /wt aqueous glycerol solutions, 1.0 per 
cent wt /wt aqueous polyox solution). 
Referring to Fig. (11), after the liquid being used had been 
transferred to the 40 litre Polythene reservoir, the reservoir was 
connected to the lower stopcock V1 and the cap of the reservoir, 
through which passed the glass tubing terminating the gas purge line 
and the glass tubing linked by way of a drying tower to the atmosphere, 
screwed onto its top. Valves V1 and V2 at the lower and upper ends 
of the mass transfer column were fully opened while all other valves 
and stopcocks were closed. To start column filling with liquid 
drawn from the reservoir, a partial vacuum was applied to the liquid 
disengagement space at the top of the column by means of an electrically 
driven Speedivac Vacuum Single Stage Pump. Column filling was 
stopped by closing valve V1, slowly opening valve V7 and switching 
off the vacuum pump. 
To cause liquid degassing, the column was filled to about 
three -quarters of its capacity and valve V1 then closed. This resulted 
in a progressive reduction in column internal pressure until a state 
of near vacuum was attained. Degassing was initiated by momentarily 
opening and closing stopcock V4 to allow entry into the column of a 
slug of liquid from the Polythene reservoir at substantially :atmospheric 
pressure. The sudden pressure reduction imposed on the entering 
liquid/ 
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liquid slug resulted in the formation of a large number of small 
bubbles in the vicinity of the entry region. Gas desorption into 
these small nucleus bubbles commenced, and liquid degassing was 
thus initiated. Liquid slug introduction was repeated at intervals 
until the liquid level in the column had risen into the liquid dis- 
engagement space above the upper stopcock V2. Liquid degassing was 
allowed to continue for about ten minutes, after which the column 
vacuum was released by slowly opening valve V7 and then switching off 
the vacuum pump. Time was allowed for any remaining gas bubbles to 
rise to the liquid surface and leave the column. As pointed out by 
Loudon (L19), it was considered unwise to make the length of time 
devoted to liquid degassing too long, as in the case of the aqueous 
solutions lengthy degassing might result in a significant evaporation 
of the water solvent. 
Air trapped in the liquid displacement line was purged to 
atmosphere by opening valves V5 and V6, when the liquid head in the 
column resulted in liquid flowing through the liquid displacement 
line to the terminal nozzle. Valves V5 and V6 were closed on termina- 
tion of the gas purging from the liquid displacement line. 
A pocket of gas generally remained in the column equal tee 
section at a location adjacent to the end -flange, and this was 
removed by temporarily opening stopcock V4. The ensuing flow of 
liquid through V4 displaced the gas pocket into the Polythene liquid 
reservoir. 
A careful visual inspection was carried out to ensure that no 
gas/ 
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gas spaces remained in the liquid filled column. To test the system 
for leaks all valves and stopcocks were closed except valve V2 
which was opened fully. A partial vacuum was applied to the liquid 
surface in the liquid disengagement space by switching on the vacuum 
pump. Any imperfect gaskets or seals would clearly be shown up by 
the entry of air into the liquid filled column. 
The transducer tailpipe line limited the pressure difference 
applied across the transducer diaphragm to that of the head of column 
liquid above the transducer location, and so prevented the 0 - 10 
p.s.i.g maximum pressure differential range of the transducer from 
being exceeded. 
In the present work, experimental runs were carried out first 
with distilled water and then with the 99.0 per cent aqueous glycerol 
solution, followed by the 90.6 per cent aqueous glycerol solution, 
and finally the 1.0 per cent aqueous polyox solution. Column glass- 
ware, the end -flange and all rubber gaskets were washed with hot 
water and rinsed several times with distilled water before commencing 
the experimental program. After experimental runs had been completed 
with a given liquid and the column emptied, the column was rinsed with 
distilled water and allowed to stand filled with distilled water 
until time to fill the column with the next liquid to be investigated. 
2.2.3 Column Compressibility Measurement 
The system compressibility was determined by employing the 
column/ 
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column pressure drop technique described in ref. (L19). This 
method depends on the fact that if the column is filled with liquid 
and valves V1, V4, V5 and V6 are closed while Valve V2 is open, the 
pressure in the region of valve V2 is essentially atmospheric. Sub- 
sequent closing of valve V2 and opening of valves V5 and V6 in the 
liquid displacement line results in a drop in column liquid pressure 
equal to the head of liquid between valve V2 and the terminal nozzle 
of the liquid displacement line. A volume of liquid issues from the 
liquid displacement line terminal nozzle equal to the column system 
volume change accompanying this pressure drop. 
Thus the pressure transducer circuit was switched on and the 
supply voltage adjusted to 5.0 v D.C. Valve V2 was opened and the 
calibrated amplified transducer output voltage, giving Al, recorded 
on Channel 1 of the tape recorder, pulses on Channel 2 noting the 
location of the recording. Valves V6 and V5 were opened in that 
order and the displaced liquid collected in a weighing bottle of 
known weight. The recorded amplified transducer voltage output was 
monitored with a digital voltmeter until a steady value, corresponding 
to a steady pressure, A2, was reached, when the location of the 
transducer recording was marked off by pulses on Channel 2 of the tape 
recorder. Any liquid remaining in the form of a droplet on the 
liquid displacement line terminal nozzle was wiped off into the 
weighing bottle which was then weighed (giving Knowing the 
liquid density, (po), the volume of displaced liquid, AV5, was 
calculated, and since the difference between initial and final column 
pressures/ 
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pressures at the pressure transducer location, (A1 - A2), gave APT, 
the column compressibility a could be calculated from Eqn. (101). 
2.2.4 Terminal Rise Velocity and Mass Transfer Runs 
It was first necessary to focus the camera and to determine 
the extent of photographic distortion for the liquid system being 
used. Consequently the column was filled with liquid to a level 
slightly above the upper photoelectric cell unit P3. The top section 
of the column, including the 4 in. (10.16 cm) to 1 in. (2.54 cm) 
upper reducing section, was removed and a perspex graticule, which 
had been thoroughly washed with distilled water and on which were 
drawn a series of concentric circles (1 cm, 2 cm, 3 cm, 4 cm and 
6 cm diameters), was lowered along the column central axis. The 
graticule was glued to a 35.4 cm length of perspex, which in turn 
was centrally glued to a circular perspex slab which was machined to 
fit over the top of the 4 in. (10.16 cm) I.D. column walls, and so on 
lowering, the graticule took up a position along the column vertical 
axis in a plane at right angles to the camera -photoflood direction. 
The camera which had been loaded with a 36 exposure cassette of 
Kodak Tri -X Pan (27 DIN) 35 um film was screwed into position. The 
flood lighting was switched on and the camera was focused on the 
concentric circles of the graticule and the position and focal 
setting of the camera noted. The camera shutter speed was set to 
1 /1000 sec and a Weston Master III lightmeter placed just in front of 
the/ 
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the camera lens determined the lens aperture to be used. This was 
found to vary between f4 (water) and f2.5 (1% aqueous polyox solution). 
The camera lens aperture was set and the graticule photographed. 
The ratio of the vertical to the horizontal dimensions of the photo- 
graph of the concentric circles on the graticule provided a measure 
of the photograph magnification, MR, in the vertical plane when the 
photograph was printed with horizontal dimensions magnified to full 
size. 
After the setting up of the photographic equipment, the top 
section of the column was again bolted into position and the filling 
of the column with liquid completed. The liquid was degassed and 
the liquid filled column left to attain temperature equilibrium with 
the room, the final temperature of the liquid (25 °C) being checked 
by means of the thermometer mounted in the column stainless steel 
end -flange. In order to make maximum use of the voltage range 
capable of being recorded ( + 2.5 v to -2.5 v), the amplifier and 
the tape recorder potentiometers, (one for each channel), were suitably 
adjusted. It was found that for the systems used, setting the 
recorded voltage at between 0 v and 0.5 v for water and the aqueous 
polyox solution, and at between -1.0 v and -1.5 v for the aqueous 
glycerol solutiontwith valves V5 and V6 open and valves V1, V2 and 
V4 closed, and at between 1.5 v and 2.0 v for water and the aqueous 
polyox solution, and at approximately 1.5 v for the aqueous glycerol 
solutions with valve V2 open and valves V1, V4, V5 and V6 closed, 
suitably covered the range of pressures encountered during bubble rise 
and/ 
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and dissolution. The recorded voltages were monitored with a 
digital voltmeter. The system specific compressibility was measured 
using the column pressure drop technique described in Section 2.2.3. 
The gas injection line from the carbon dioxide cylinder was 
purged free of air by injecting and releasing into the column liquid 
several large carbon dioxide bubbles which were allowed to leave the 
column via upper valve V2. The blowdown valve V3 was closed to dis- 
courage entry of air into the gas injection line. 
Following a careful visual check to ensure the absence of any 
air pockets in the liquid filled column, all instrument circuits 
and lighting were switched on. The trigger levels of the photo- 
electric cell units P1, P2 and P3 were set to threshold level with 
the aid of the adjusting potentiometers, the monitor meter and the 
indicating meter associated with the camera solenoid. A small 
beaker was placed under the liquid displacement line terminal nozzle, 
the upper valve V2 was closed and the liquid displacement line valves 
V6 and V5 were opened in that order. On establishment of pressure 
equilibrium the beaker was used to wipe off any surplus liquid 
remaining on the tip of the liquid displacement line terminal nozzle 
before it was replaced by a weighing bottle of known weight. 
Bubble injection was immediately commenced by opening the carbon 
dioxide cylinder valve and adjusting gas injection line blowdown 
valve V3 so that a stream of small bubbles rose into the inverted 
dumping cup. Bubble injection was terminated by opening fully the 
blowdown valve V3 and closing the reducing valve of the carbon dioxide 
cylinder/ 
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cylinder. During the time required for the total coalescence of gas 
under the dumping cup and the re- establishment of column pressure 
equilibrium, (as indicated by the recorded voltage as monitored by 
the digital voltmeter attaining a constant value, and by the cessation 
of liquid issuing from the displacement line terminal nozzle), photo- 
electric cell units Pl, P2 and P3 were rechecked for proximity to 
trigger level, the camera shutter cocked and the camera solenoid switch 
set to the 'operate solenoid' position. A check was made to see that 
the amplifier was switched on and the tape recorder was then started. 
A 'manual' pulse, pulse 0, was recorded on Channel 2 of the recorder 
and valves V6 and V5 were closed in sequence. Upper valve V2 was 
then opened momentarily and again closed. The momentary opening and 
closing of valve V2 resulted in a pressure head of the order of 120 cm 
of liquid at the transducer station and served as a safeguard against 
the imposition of sub -atmospheric pressures on the pressure transducer 
diaphragm during bubble ascent. A 'manual' pulse, pulse 1, was 
recorded on Channel 2 of the tape recorder with switch SW6 in position 
1, (see Fig. (13)), and the bubble released by smoothly rotating the 
dumping cup. SW6 was manually switched to position 2 before the bubble 
reached photoelectric cell unit P1, and to position 3 while the bubble 
was between Pl and P3. 
When the bubble reached the top of the column, the tape recorder 
was stopped. Any liquid remaining on the terminal nozzle of the 
displacement line was carefully wiped into the weighing bottle before 
the latter was sealed to prevent evaporation losses. The reading on 
the/ 
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the electronic stopclock, which was started and stopped by the pulses 
generated by P1 and P3 respectively, was noted before resetting the 
stopclock to zero. The bubble trapped below the upper valve V2 was 
released by opening V2. Atmospheric pressure was noted. 
Runs were performed in the manner described above until a set 
of twelve weighing bottles contained displaced liquid. These 
bottles were then weighed, emptied and reweighed in preparation for 
the next set of twelve runs. After each set of twelve runs the 
constancy of the recorded voltage for a given head of liquid, H, 
above the transducer station, (100 cm liquid pressure head was usually 
chosen), was checked with the digital voltmeter on lowering the column 
liquid level to the chosen mark. The column was refilled, and prior 
to commencing the next set of twelve runs the system compressibility 
rechecked. 
Approximately three dozen runs were carried out before the 
entire film cassette was exposed. The film was removed from the 
camera and placed in a sealed container and the camera loaded with a 
fresh film. The liquid in the column was again degassed. Further 
runs were carried out until sufficient data had been collected for 
the gas- liquid system being investigated. 
At the end of a series of runs the transducer output was 
calibrated by recording the amplified transducer output voltage 
corresponding to different column liquid heights above the transducer 
station. These liquid heights were measured against a meter rule 
running parallel to the column vertical axis. For each liquid six to 
ten/ 
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ten calibration points were taken. Solartron Ltd. claim that the 
pressure transducer voltage output, (a maximum of approximately 
20.5 mV at a pressure of 10 p.s.i.g.), is linear to an accuracy of 
approximately 1 per cent of the full scale reading. All calibrations 
carried out indicated that the pressure transducer output was a 
substantially linear function of the differential pressure imposed 
across the diaphragm. 
For the column used in the experimental work, the photoelectric 
cell units P1 and P3 were situated 50.0 cm apart, L, with the midpoint 
between the two where the bubble was photographed at a height of 
66.5 cm above the pressure transducer location, h2. 
It was found that in the aqueous glycerol and aqueous polyox 
solutions the photoelectric cell units were not sensitive enough to 
guarantee the detection of the passage of small bubbles. Consequently 
the negative pulses corresponding to a bubble at the positions of 
photoelectric cells P1 and P3 were generated by pressing a button to 
complete the manually operated circuit containing a 4z v dry cell 
battery and a potentiometer in series. For these cases photographs 
were taken by manually operating the camera shutter. 
As polyox solutions are subject to degradation on prolonged 
exposure to light (M8), the 1.0 per cent aqueous polyox solution was 
stored in the dark during preparation and the column filling and 
liquid degassing operations were also carried out in the dark. The 
photoflood and striplights for the photoelectric cell units Pl, P2 
and P3 were switched on just prior to bubble introduction and switched 
off / 
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off iuuuediately after each run, so that the total exposure time to 
light of the aqueous polyox solution after the completion of the 
experimental runs was only of the order of three hours. 
To limit as far as possible the introduction of impurities 
into the liquid phase, the column was kept filled with freshly prepared 
distilled water during the non -operational intervals between the 
experimental runs carried out with the different liquids. 
101. 
C H A P T E R 3 
D A T A P R O C E S S I N G 
3. INTRODUCTION 
In the evaluation of KLA using Eqn. (105), the crucial 
measurement determining the accuracy of the calculated value of KLA 
is the rate of change of pressure, dPT /dt. Consequently it was 
felt to be necessary to utilise more sensitive equipment to measure 
this quantity than the Visicorder used by Loudon (L19), with its pen 
and chart method of recording the pressure variations in the constant 
volume column as a bubble rose through its contained liquid and 
dissolved. 
Thus a novel data processing system was developed which con- 
sisted of an amplifier for the voltage output from the transducer, 
the 2- channel tape recorder, and two analogue -digital converters, 
(Type 189 and Type 139E supplied by Digital Equipment Corporation). 
The transducer output, recording pressure changes in the 
constant volume column, was recorded on Channel 1 of the tape recorder, 
and four pulses, (pulses 0, 1, 2 and 3), to locate certain positions 
while a bubble was in the column, on Channel 2. Pulses 0 and 1 were 
produced by the manually operated circuit (MP) (see Fig. (13)). 
Pulse 0 located the position when the bubble was in the cup just after 
injection, and pulse 1 when the bubble was in the cup just prior to 
its/ 
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its release to rise through the column. Pulse 2 and pulse 3 resulted 
as the bubble passed photoelectric cell stations P1 and P3 respectively. 
The recorded traces on Channels 1 and 2 were fed through the 
analogue -digital converters, Types 139E and 189 respectively, into 
the Programmed Data Processor -8 (PDP -8), a high speed, stored program, 
digital computer manufactured by the Digital Equipment Corporation. 
Samples were taken off the continuous pressure trace on Channel 1, 
digitised and punched out on paper tape with a simultaneous printed 
output. By utilising the storage facility of the PDP -8 it was 
possible to sample at rates greater than the speed of the output punch, 
by storing and punching out later at the normal rate. The sampling 
rate used was 50 samples /second at tape speed 34 i.p.s., which after 
the tape recorder had been slowed by a factor of two (to l8 i.p.s.) 
was equivalent to a sampling rate of 100 samples /second. 
The maximum recorded voltage range of the recorder was 
+2.5 v to -2.5 v. This was biased so that it lay between 0 v and 
-5 y, the input range of the analogue digital converters being 0 v to 
- 10 v. The maximum noise level from the transducer on amplification 
and output from the recorder (< 0.05 volts) was small compared to the 
recorded signal levels. 
The output from the PDP -8 was equal parity binary coded punched 
tape and simultaneously printed decimal integers. The print out 
of the output from the computer had a scale from 0 to 4095 and an 
accuracy of ± 0.025% of full scale. 
The transducer output was calibrated by recording the trans- 
ducer voltage output corresponding to various measured liquid heights 
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above the transducer station, and hence to various pressures. These 
recordings were printed and punched out. 
When pulse 1 was sensed on Channel 2, 100 samples were taken 
from the recording on Channel 1. After pulse 2, sampling recouunenced 
at 100 samples /second and stopped when pulse 3 was sensed. The 
first 100 samples were then simultaneously printed and punched out, 
followed by the number of samples taken between pulses 2 and 3, and 
finally by the samples taken between pulses 2 and 3. 
The liquid pressure, PTl' when the bubble was in the cup 
prior to release was found by taking the mean of the first 100 samples. 
The 50 samples immmediately before the point midway between photo- 
electric cell units P1 and P3 and the 50 samples immediately after it 
were taken, and smooth 1st and 2nd order polynomial curves fitted 
using the least squares method of Legendre (T6). 
From the smoothed data, the gradient, giving dPT 
/dt, 
and the 
liquid pressure, PT' at the central measuring point were found. 
100 samples were taken off periodically at marker pulse 0 to 
check PTO' the liquid pressure after bubble injection when pressure 
equilibrium had been re- established with the atmosphere - noting that 
valves V5 and V6 were still open at that point. 
Computer programs written in Atlas Autocode and run off on 
the Edinburgh University KDF9 computer performed the above calculations. 
PTl' PT' and dPT 
/dt' 
along with the other necessary physical 
quantities, (see Eqn. (105)), were fed into the main program (also 
written in Atlas Autocode) for calculating KLA and KL, the instantaneous 
mass/ 
104. 
mass transfer product and mass transfer coefficient respectively, 
and for applying the Uno- Kintner correction for wall effect (U1) 
to the measured bubble terminal velocities. 
The data for KLA and KL vs De (the equivalent spherical 
diameter of the bubble), and U (measured terminal rise velocity of 
gas bubble) and U(co) (Uno- Kintner corrected U) vs De were smoothed 
by the least squares method. 
Programs in Atlas Autocode were also written for evaluating 
the theoretical comparisons for the experimental data found for 
U(0.) and KL. 
A schematic diagram of the data processing method employed 





























































































































































































































































































































































































3.1 ESTIMATION OF ERRORS 
The theory of random errors is based on the assumption that 
if a quantity is measured a very large number of times and the 
measurements are subject only to errors which are truly random, then 
the result obtained most frequently is the correct one and the 
further a result is from the correct value the less frequently it should 
be obtained. It is usually assumed that these errors obey the Normal 
(or Gaussian) frequency distribution i.e. the random error is equally 
likely to be positive or negative. 
The standard deviation (ß) is the most commonly used index 
of precision. The standard deviation or root -mean -square error is 
derived from the root -mean- square of the errors in an infinite number 
of measurements. 
The probability that the ( -ß to ß ) ( 0.3173 ) 
( ) ( ) 
error of any observation ( -213 to 2ß ) ( 0.0457 ) 
( ) is ( ) 
chosen at random shall be ( -3ß to 3ß ) ( 0.0027 ) 
( ) ( ) 
outside the range ( -3.09ß to 3.09ß ) ( 0.0020 ) 
Thus an error as great as 3.09 times the standard deviation is only 
to be expected about once in 500 observations. 
The principle of least squares was first formulated by 
Legendre and states that the most probable value of any observed 
quantity is such that the sum of the squares of the deviations of the 
observations from this value is least. Applying the principle of 
least/ 
106. 
least squares it may be shown (T6) that the most probable value of a 
measured quantity is the arithmetic mean of the observations. 
If n observations al, a2, ...., ak, ...., an are made of a 
physical quantity, then their arithmetic mean is 
a = 1 Eak 
n 
If the residuals are denoted by Uk where 
Uk = ak - a 
(106) 
(107) 
then the standard deviation of the most probable true value of the 




There is one class of observation where repetition of measurement is 
unnecessary. This class includes the simple reading of a scale or 
measurement of length. In such cases, the maximum error of measure- 
ment can be estimated from the accuracy with which the scale can be 
read. The standard deviation, ß, will therefore be 68% of the 
maximum error. 
To estimate the standard deviation of a compound quantity 
the following rules are applied (T6): 
If a number of measured quantities have means ml, m2, ...., mn with 




(i) the sum ml + m2 is A/01 + 132) (109) 
(ii) the difference ml - m2 is 1031 
2 
+ 132) 
(iii) the product mlm2m3 is ß where 
( ß )2 (13 1)2 + (132)2 + (133)2 
(mlm2m3) (ml) (m2) (m3) 
(iv) the power ml is ß where 
ß p131 
ml ml 
or ß = (p4-1) ßl 
(v) any function of m1, m2, ...., ñ, namely 




ß2 (Sf )2 ßl + .... + (Sf 
)2 132 (114) 
(sml) (Sm2) 2 Om) n 
(i) and (iv) are special cases of (v). 
Eqns. (109) to (114) were used to determine standard 
deviations in the measured values of: 
(a) Column Compressibility, 











a = f(ML, PL' Al' A2) 
(b) Equivalent Spherical Diameter, De 
(117) 
On the cessation of liquid flow from the liquid displacement 
line terminal nozzle, bubble volume, VBO, at a bubble internal 
pressure of PBO was given by, 
VBO 
NL/po (118) 
where MI, was the mass of displaced liquid collected in a weighing 
bottle. 
When the liquid displacement line valves V6 and V5 were closed 
and the column upper stopcock V2 was momentarily opened, the increase 
in pressure was reflected by an increase in bubble internal pressure 
to PBl. For isothermal conditions, the volume of the bubble, VB1, 





Both PBO and PBl were obtained from Eqn. (99), 
po 





by substituting PTO and PT1 for PT when PBO and PBl were, respectively, 
substituted for PB. h, the vertical displacement of the injected 
bubble above the pressure transducer location, was 1 cm. 
The/ 
The bubble volume, VB, at the point in the column at which 
it was photographed, (i.e. just after photoelectric cell P2 and 
midway between P1 and P3), was obtained from Eqn. (103), 
VB = VB1 + a (PT - PT1) (103) 
where PT and 
PTl 
were the liquid pressures at the pressure transducer 
location when the bubble volumes were VB and VB1 respectively. 
Bubble instantaneous equivalent spherical diameter, De, was 
given by 
(6VB,) 1/3 (120) 
From Eqns. (120), (103), (119), (118) and (99) it is seen that 
De = f (a, PT' PT1' NL' Po' PA' h' PTO) 
(c) Bubble Terminal Rise Velocity, UB 
(121) 
109. 
The pulses generated by the photoelectric cell units Pl and 
P3 when a bubble passed those stations acted as markers on the column 
internal pressure record, and also served to start and stop an 
electronic stopclock which then displayed a timed interval, T', 
corresponding to the distance L between Pl and P3 through which the 
bubble had risen. Bubble terminal rise velocity averaged over the 
distance L and pertaining to the point midway between the units P1 
and P3, which was also the point where the bubble was photographed, 





UB is therefore expressed as a function of two variables only, 
= f (L, T') (123) 
(d) Instantaneous Mass Transfer Product, KLA 
From Eqn. (105) it is seen that, 
KLA = f(S, a, 
dPT/dt, 
UB1' PT' PT1' Po' UB, 
h, PA) (124) 
The errors involved in the measurement of bubble eccentricity, 
E1, bubble surface area, A, and hence instantaneous overall mass 
transfer coefficient, KL, are largely systematic, i.e. they vary in a 
regular manner. Thus bubble tilting and rippling affected the 
eccentricity measurements, and bubble surface area determinations 
were carried out on the basis of a shape fitting procedure and bubble 
dimension adjustment technique (see Appendix III). As a result 
error estimations were not carried out on the measured values of 
these quantities. 
The values assigned to the different experimental errors 
and used to evaluate the standard deviations of a, De, UB and KLA 




Sampling from Tape Recorded Pressure Trace 
This program was written in PDP -8 programming language. 
Flow Diagram 
Take 100 samples from Channel 1, (A /D Converter 139E), and 
store in named locations 
Set Counter 1 = 0 
Set Counter 2 = -n 
No 
>Look 





Sample from Channel 1 and store in named location 
which is incremented by 1 after each sample 






Sample from Channel 1 and store in named location 
which is incremented by 1 after each sample 
Increment by 1 Counter 
1 
Look for pulse 3 on Channel 2 
Yes 
Punch out blank tape 
Convert from octal to decimal integers and punch and 
print out the first 100 samples 
Punch out blank tape 
Punch and print out the number of samples taken between pulses 2 and 3 
(given by Counter 1) 
No 
Punch out blank tape 
Convert from octal to decimal integers and punch and 
print out the samples taken between pulses 2 and 3 
J 
the punching and printing out of samples finishe 
Punch out blank tape 
Notes 
113. 
To start the sampling operation the sampling program was fed 
into the PDP -8 computer and the magnetic tape containing the record- 
ings was placed in position on the tape recorder and the recorder 
started. The connections between the 2 Channels of the recorder and 
the two analogue -digital (A /D) converters were made. The output 
from Channel 2, which contained the recordings of the pulses, was 
monitored on an oscilloscope. As soon as pulse 1 was sighted on the 
oscilloscope screen, the start switch on the PDP -8 console was de- 
pressed and released, and the first 100 samples were immediately 
taken and stored by the computer. A pause instruction was written 
into the program at this point so that the computer stopped its opera- 
tions after taking the first 100 samples. The continue switch on 
the PDP -8 console was depressed and released to permit the computer 
to start searching for pulse 2. 
The method which the computer was programmed to employ in 
order/ 
114. 
order to detect pulses 2 and 3 was as follows. A sample was taken 
from Channel 2 and held in the accumulator of the computer. This 
sample reading was checked to see if it had a negative value; if it 
did not, its negative value was taken and replaced the positive 
number originally held in the accumulator. A positive number, which 
could be varied, was then added to the negative number in the accumulator; 
and the value of this positive number was arranged to be such that if 
the resulting sum held in the accumulator was positive, then a pulse 
had occurred. 
After the second pulse had been detected and sampling recom- 
menced, the number of samples taken before the programmed computer 
started looking for the third pulse, i.e. n samples, could be varied. 
Timing loops were incorporated into the program so that all 
samples and the searches for pulses 2 and 3 occurred every 1 /100 
second. As a consequence of this, pulse 2 had to take greater than 
1 /100 seconds to reach its peak and less than n /100 seconds to reach 
its peak and fall off to its base value; and pulse 3 had to take 
greater than 1 /100 seconds to reach its peak. 
The sampling program included instructions for the punched 
tape output to be equal parity, (and not non parity), binary coded 
punched tape, which could be fed directly into the KDF9 computer for 
further processing. 
Programs (b), (c), (d), (e) and (f) given below were all written 
in/ 
in Atlas Autocode and processed on the KDF9 computer. 
(b) Evaluating the Mean and Standard Deviation of a number of 
Measurements 
Flow Diagram 
Set Location a = 0 
Location V = 0 
Read a set of 100 numbers a (i), (i varying from 
1 to 100), and store in specified locations 
Add each number in turn to the 
contents of location a 
Have all 
00 numbers been added 
to the contents of 
location a? 
Yes 
Divide contents of location a by 
100 to give the arithmetic mean, 
(Eqn. (106)) 
115. 
Evaluate the residuals, (Eqn. (107)) 
Sum the squares of the residuals 
in location V 
Evaluate the standard deviation, ß, (Eqn. (108)) 
Print the mean and the standard Deviation 
Notes 
from/ 
ave all sets, 
each of 100 numbers, 




The equations used in this program were, 





(107) ak - a 
2 




This computer program was used in determining PTO and PT1 
116. 
117. 
from the sets of 100 samples taken from the pressure recordings when 
a bubble was in the cup just after injection and just prior to release 
respectively. It was also used to specify the recorded values 
equivalent to known liquid heights above the pressure transducer 
station in the mass transfer column, and hence to calibrate the 
pressure transducer. In the second mentioned usage, means and 
standard deviations were also determined from 100 sample sets. 
(c) Least Squares Polynomial Curve Fitting 
No 
Flow Diagram 
Read p (No. of polynomial fits to be tried 
Read.m (order of polynomial being fitted) 
n (no. of sets of data) 
Read n sets of x(i), y(i) data and 
store in specified locations 
Evaluate: (i) Best -fit constants in polynomial 
of order m by Legendre's least 
squares method, (Eqn. (129)) 
(ii) Standard deviations of each of 
best -fit constants, (Eqns. (131), 
(132) and (133)) 
Print (i) Best -fit constants 
(ii) Standard deviations of each of best - 
fit constants 
(iii) y values calculated from the least - 
squares polynomial evaluated, correspond- 
ing to specified values of x 
Have p 
olynomial fits been 
carried out on p data 
roups consisting o 





Legendre's least squares method may be applied to the fitting 
of a polynomial curve to a set of experimental data as follows. 
Suppose yl, y2 ...., yn 
are the values of a measured quantity 
y (or combination of measured quantities) corresponding to the values 
x1, x2, ...., xn of another quantity x. Assuming that a relationship 
exists between x and y, namely, 
y / 
119. 
y = aoxm 
xm-1 + .... + án (125) 
then, in general, there will be a difference, the residual, between 
the value of y calculated from Eqn. (125) for a given value of x and 
the measured value of y corresponding to the same x. The residual, 
d, is given by, 
d = (aoxm a1 xm-1 + .... + am - y) (126) 
To obtain the polynomial curve of order m which best fits the data, 
ao, al, ...., am are chosen such that the sum of the squares of the 
residuals is least, that is, 
E(aoxm + alx 1+ .... + am - y)2 
is a minimum. 
Differentiating partially with respect to ao, a1 
the following equations are obtained, 
Exm(aoxm + alxm-1 + .... + am - y) = 0 (127) 
Exm 1(aox + alxm-1 + . .. + án - y) = 0 (128) 
E(aoxm al 
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The standard deviations of the best 
polynomial of order m for the n sets of 






-fit constants of the 
data is determined from 
ß2 
(131) T 
Ex° Ex2 = . . 
.v 
Ex2m 








(n - m - 1) 
d is the residual and is defined by Eqn. (126) 
In Eqns. (130), (131), (132), 
El = Ex° = n (134) 
(T6) 
The elimination method of Gauss (F4 ) was employed to evaluate 
the polynomials in Eqns. (130) and (132). 
Computer program (c) was used for smoothing the KLA vs De 
data/ 
121. 
data, the KL vs De data, the U vs De data, the U(co) vs De data and 
the E vs De data. It was also used for smoothing the pressure vs 
time sampling data, obtained from the recorded pressure trace, in 
order that PT and dPT /dt may be determined. In the last named 
usage, program (c) was extended to calculate dPT /dt' since if 
then 
P = aotm + a1 tm-1 + ... + am+l t + am 
dP/dt = maotm-1 (m71) 
a1tm-2 + .... + am+l 
(135) 
(136) 
In smoothing the KL, KLA, U, U(), and E vs De data, progres- 
sively higher order polynomials were fitted until the curve obtained 
was no longer smooth but oscillated. The highest order polynomial 
giving a smooth curve was taken to be the best fit for the data. 
Tests carried out on some of the pressure vs time data indicated 
that 1st or 2nd order polynomial fits over the 1 second time interval 
used, (0.5 seconds before the point where dPT /dt and PT were measured 
and 0.5 seconds after it, (see SECTION 3, INTRODUCTION)), provided 
smoothed curves as accurate as was possible with higher order poly- 
nomial fits before curve oscillation set in. This is to be expected 
from Eqn. (105), since if the volume and shape of a bubble did not 
change appreciably over a time interval of 1 second during its ascent 
through the liquid in the column and UB and KLA also remained sub- 




(PT po h), dPT /dt 
would be expected to remain nearly constant. 
H2O 
This/ 
This would imply that pressure was almost a first order polynomial 
function of time over the 1 second time interval. 
(d) Theoretical KL vs D 
e 
Flow Diagram 
Read po, Po, D 
Read U, D 
122. 
Evaluate: (i) Re, (Eqn. (137)) 
(ii) KL, LEVICH(Eqn. (69) with K= 1.01) -rigid sphere 
Re < 1, Pe » 1 
(iii) KL, GRIFFITH (Eqn. (74)) -rigid sphere, Re » 1 
(iv) KL, LEVICH (Eqn. (75))- circulating sphere, 
Re < 1, Pe » 1 
(v) if Re > 8.5, KL, LOCHIEL- CALDERBANK (Eqn. (78))- 
circulating sphere, intermediate Re, Pe » 1 
(vi) KL, BOUSSINESQ (Eqn. (79))- circulating sphere 
potential flow 




The U vs De data fed into program (d) were from the smoothed 
curve fitted through the experimentally measured bubble terminal rise 
velocity vs bubble equivalent spherical diameter data. The equations 
used in the program were, 
po U De 
Re = po (137) 
Sh = 1.01 Pe 
3 
(69) 




Sh = 0.65 Pe (75) 
1/ 
Sh = 1.13 (1 - 2.90 Re 1/2) 
2 
Pel (78) 
Sh = 1.13 Pei 2 (79) 
(e) Theoretical U( °°) vs De 
Flow Diagram / 
124. 
Flow Diagram 
Read p , 
0 
Evaluate: (i) De, (Eqn. (138)) 
(ii) U(co), STOKES (Eqn. (11) -rigid sphere, Re < 1 
(iii) U(co), HADAMARD /RYBCZYNSKY (Eqn. (19)) - 
circulating sphere, Re < 1 
(iv) U(c), LEVICH (Eqn. (26)) - circulating 
sphere, Re » 1 
(v) U( °°), DAVIES- TAYLOR (Eqn. (31)) - spherical 
cap, free interface, potential flow 




To evaluate U(), the bubble terminal rise velocity in an 
infinite/ 
infinite medium, the Uno- Kintner wall effect correction, (Eqn. (38)), 
need be applied to the measured bubble terminal rise belocities only 
if De /Dc > 0.1, (see Section 1.2.1 (b), Newtonian Liquids). 












= 25.0 V4 







Essentially the same program as that used by Loudon (L19), 
with a few minor alterations, was used in this work. However, the 
program was rewritten in Atlas Autocode and processed on the KDF9 
computer. 
Details of the relationships developed for evaluating the 
mass transfer coefficients from the mass transfer products for bubbles 
of different shapes may be found in ref. (L19) and are repeated in 
Appendix III of this thesis for the sake of completeness. 
126. 
C H A P T E R 4 
E X P E R I M E N T A L R E S U L T S 
4. INTRODUCTION 
Experimental data as processed by the methods described in the 
previous chapter are presented in graphical form in the following 
pages. 
These data along with the other experimental parameters 
necessary to work out the data are tabulated in Appendix V. 
Where appropriate, each section of graphical data is pre- 
ceded by a sunuuary of the magnitude of estimated experimental error 
as calculated by the procedures outlined in 3.1 and 3.2(c) of 
Chapter 3. 
The physical properties of the gas -liquid systems used, and 
the means of determining them are specified in Appendix IV. 
127. 
4.1 TERMINAL RISE VELOCITIES ,CARBON DIOXIDE -DISTILLED WATER, 
AQUEOUS GLYCEROL SOLUTIONS AND AQUEOUS POLYOX SOLUTION 
Terminal rise velocities of single carbon dioxide bubbles in 
free rise through distilled water, two aqueous Glycerol solutions and 
one aqueous Polyox solution contained in the 10.16 cm I.D. column are 
plotted against bubble equivalent spherical diameter in Figs. (15) to 
(18). Also included in Figs. (15), (16) and (17) are observed 
terminal rise velocity data corrected for the wall effects of the 
10.16 cm I.D. column by Eqn. (38). These corrected bubble rise 
velocities are compared with the Mendelson equation, Eqn. (34), (Fig. 
(15)), and the Davies -Taylor equation, Eqn. (31), (Figs. (16) and (17)). 
The Hadamard /Rybczynsky equation, Eqn. (19), for circulating spheres 
in creeping flow is included in Figs. (16) and (17); and the Stokes 
equation, Eqn. (11), for rigid spheres in creeping flow is plotted in 
Fig. (17). 
The experimental data shown in Figs. (15) to (18) is compared 
with the Dumitrescu equation, (Eqn. (36)), which gives the limiting 
velocity of a gas slug under potential flow conditions. 
Bubble terminal rise velocity, UB, was calculated according to 
Eqn. (122) given in Section 3.1(c), and bubble equivalent spherical 
diameter was found using Eqn. (120) contained in Section 3.1(b). 
Standard deviations of the experimentally determined quantities, 
calculated by the methods outlined in Section 3.1 of Chapter 3, are 
summarised below. 
128. 
(i) Carbon Dioxide - Distilled Water 
UB (cm/sec) Run No. De (cm) 
49 0.07 ± 0.01 9.40 ± 0.14 
47 0.50 ± 0.004 23.15 ± 0.15 
3 1.04 ± 0.001 23.88 ± 0.15 
26 2.21 ± 0.001 30.74 ± 0.19 
29 2.98 ± 0.001 33.61 ± 0.20 
28 3.79 ± 0.001 34.35 ± 0.21 
(ii) Carbon Dioxide - 90.6 per cent Aqueous Glycerol Solution 
Run No. De (cm) UB (cm/sec) 
111 0.26 ± 0.01 3.02 ± 0.02 
130 0.53 ± 0.004 12.34 ± 0.08 
122 1.05 ± 0.001 21.17 ± 0.13 
115 2.05 ± 0.001 28.32 ± 0.17 
127 3.14 ± 0.001 32.46 ± 0.19 
137 4.01 ± 0.001 33.56 ± 0.20 
124 5.53 ± 0.002 34.45 ± 0.21 
129. 
(iii) Carbon Dioxide - 99.0 per cent Aqueous Glycerol Solution 
Run No. De (cm) UB (cm/sec) 
235 0.44 ± 0.004 2.38 ± 0.02 
238 1.01 ± 0.001 11.44 ± 0.07 
207 2.03 ± 0.001 23.04 ± 0.15 
228 3.12 ± 0.001 30.30 ± 0.19 
251 3.97 ± 0.001 31.65 ± 0.19 
230 5.42 ± 0.001 33.99 ± 0.20 
(iv) Carbon Dioxide - 1.0 per cent Aqueous Polyox Solution 
Run No. De (cm) UB (cm/sec) 
316 0.26 ± 0.01 0.419 ± 0.004 
340 0.53 ± 0.003 10.78 ± 0.07 
327 1.01 ± 0.001 22.73 ± 0.14 
334 2.18 ± 0.001 27.17 ± 0.16 
360 3.02 ± 0.001 31.06 ± 0.19 
354 4.06 ± 0.001 32.68 ± 0.20 






































































































































































































































































































































































































































































































































































































































































































































































4.2 MASS TRANSFER PRODUCTS.. CARBON DIOXIDE -DISTILLED WATER, 
AQUEOUS GLYCEROL SOLUTIONS AND AQUEOUS POLYOX SOLUTION 
Instantaneous overall mass transfer products around single 
carbon dioxide bubbles in distilled water, two aqueous Glycerol 
solutions and one aqueous Polyox solution are.presented in Figs. (19) 
to (22). 
Overall mass transfer products, KLA, were calculated using 
Eqn. (105), and the standard deviations of the KLA measurements were 
evaluated by the methods described in Section 3.1 of Chapter 3. 
The magnitude of the standard deviations thus obtained are summarised 
below. 
(i) Carbon Dioxide - Distilled Water 
KLA (cm3 /sec) Run No. De (cm) 
49 0.07 0.00018 
± 
0.0002 
47 0.50 0.0210 ±0.0003 
3 1.04 0.0851 ± 0.0007 
26 2.21 0.3559 ± 0.0019 
29 2.98 0.6346 ± 0.0053 
28 3.79 1.0124 ± 0.016 
131. 
(ii) Carbon Dioxide - 90.6 per cent Aqueous Glycerol Solution 
Run No. De (cm) KLA (cm3/sec) 
111 0.26 0.00069 ± 0.00007 
130 0.53 0.0074 ± 0.0002 
122 1.05 0.0398 ± 0.0002 
115 2.05 0.1245 ± 0.0008 
127 3.14 0.2300 ± 0.0021 
137 4.01 0.2939 ± 0.0026 
124 5.53 0.4212 ± 0.0060 
(iii) Carbon Dioxide - 99.0 per cent Aqueous Glycerol Solution 
Run No. De (cm) KLA (cm3/sec) 
235 0.44 0.00094 ± 0.0001 
238 1.01 0.0106 ± 0.0002 
207 2.03 0.0820 ± 0.0011 
228 3.12 0.1568 ± 0.0018 
251 3.97 0.2345 ± 0.0025 
230 5.42 0.4777 ± 0.0081 
Uv) / 
132. 
(iv) Carbon Dioxide - 1.0 per cent Aqueous Polyox Solution 
Run No. De (cm) ILA (cm3 /sec) 
316 0.26 0.00035 ± 0.00005 
340 0.53 0.0137 ± 0.0002 
327 1.01 0.0396 
± 0.0003 
334 2.18 0.1813 ± 0.0010 
360 3.02 0.4907 ± 0.0024 
354 4.06 0.9217 ± 0.0081 































































































































































































































































































































































































































4.3 BUBBLE ECCENTRICITIES, CARBON DIOXIDE - DISTILLED WATER, 
AQUEOUS GLYCEROL SOLUTIONS AND AQUEOUS POLYOX SOLUTION 
Carbon dioxide bubble eccentricities E1 and E2 observed in 
distilled water, two aqueous glycerol solutions and one aqueous 
polyox solution contained in the 10.16 cm I.D. mass transfer column 
are plotted in Figs. (23) to (26). In Fig. (23), (carbon dioxide in 
distilled water), the experimental findings of Tadaki and Maeda (T1), 
Eqns. (58), (59) and (60) are also included. 
Bubble photographs were printed with the horizontal dimensions 
full size. A knowledge of the photographic distortion factor MR, 
(see 2.24 of Chapter 2), enabled the determination of true bubble 
heights. Individual bubbles were assigned to one of the six 
idealised shape categories (see Fig. (46)) and bubble eccentricity 
E1 was the ratio measured bubble width /measured bubble height 
corrected for distortion, and was calculated from the appropriate 
one of Eqns. (200), (201), (203), (204), (206) and (208) given in 
Appendix III. 
Employing the bubble shape fitting procedure described in 
Appendix III, an alternative eccentricity, E2, was defined by the 
ratio measured bubble width /bubble height based on distortion - 
corrected photographic dimension and modified by the shape fitting 
procedure. E2 was calculated from the appropriate one of Eqns. 











































































































































































































































































































































































































































































































































































































































4.4 BUBBLE SURFACE AREAS .CARBON DIOXIDE - DISTILLED WATER, 
AQUEOUS GLYCEROL SOLUTIONS AND AQUEOUS POLYOX SOLUTION 
Bubble surface area, A, was based on the calculated bubble 
dimension, arrived at after applying the bubble shape fitting pro- 
cedure detailed in Appendix III, and calculated by using one of the 
appropriate of Eqns. (212), (228), (243), (256), (268) and (282). 
Bubble area thus evaluated was associated with the modified eccentri- 
city E2. In addition the total bubble surface area, was calculated 
based on the distortion- corrected bubble dimensions and hence associated 
with eccentricity El. AP was evaluated using the appropriate equation 
given in Appendix III, as was AF, bubble frontal area associated with 
the modified eccentricity E2. Values of A, AP and AF are tabulated 
in Appendix V. 
In Figs. (27) to (30) are plotted the bubble surface area, 
A, versus bubble equivalent spherical diameter, De, for single 
carbon dioxide bubbles rising through distilled water, two aqueous 
Glycerol solutions, and one aqueous Polyox solution. Included in 
Figs. (27) to (30) is the relationship 
A = D2 
s e 






























































































































































































































































































































































































4.5 INSTANTANEOUS OVERALL MASS TRANSFER COEFFICIENTS. CARBON 
DIOXIDE - DISTILLED WATER, AQUEOUS GLYCEROL SOLUTIONS 
AND AQUEOUS POLYOX SOLUTION 
Instantaneous overall mass transfer coefficients, IÇ, around 
single carbon dioxide bubbles in free rise through distilled water, 
two aqueous glycerol solutions and one aqueous polyox solution in 
the 10.16 cm I.D. mass transfer column are presented graphically 
in Figs. (31) to (34). Included in Figs. (31) to (34) is the 
Boussinesq equation (Eqn. (79)); in Figs. (32) to (34) is the 
Levich equation for circulating spheres in creeping flow (Eqn. (75)); 
and in Fig. (34) is the Levich equation for rigid spheres in creeping 
flow (Eqn. (69)). In these equations, UB is read off from the 
smoothed curve drawn through the experimentally observed velocities, 
and DL for carbon dioxide in each of the liquids used is given in 
Appendix IV.vi. 
Instantaneous overall mass transfer coefficients were obtained 
from the measured mass transfer products, ILA, and bubble surface 
areas, A, by the calculation procedures given in Appendix III. In 
addition, instantaneous mass transfer coefficients, KLF, based on 
bubble frontal areas AF only were evaluated and are tabulated in 













































































































































































































































































































































































































































































































































































































































































































































































































C H A P T E R 5 
D I S C U S S I O N 
5.1 TERMINAL RISE VELOCITIES 
The terminal rise velocities of carbon dioxide bubbles in 
water, two aqueous Glycerol solutions and one aqueous Polyox solution 
contained in a 10.16 cm I.D. column are plotted against bubble equi- 
valent spherical diameter in Figs. (15) to (18). A smoothed curve 
has been drawn through the experimental data for each liquid, and 
the theoretical Dumitrescu equation, Eqn. (36), for slug flow 
velocity in a 10.16 cm diameter columu is included in Figs. (15) to 
(18). The smoothed UB versus De curves for the four liquids used 
are given in Fig. (35). 
In the UB versus De results for carbon dioxide bubbles in 
distilled water, 88 per cent of the data points lie within 0.4 cm /sec 
of the smoothed curve evaluated by using Legendre's least squares 
method, the remaining points lying within 0.7 cm /sec of the smoothed 
curve. For carbon dioxide bubbles in the 90.6 per cent aqueous 
Glycerol solution 86 per cent of the data points lie within 0.4 cm /sec 
of the smoothed curve, 3 points lie between 0.4 and 0.7 cm /sec from 
the smoothed curve and the remaining 2 points lie within 1.2 cm /sec 
of the smoothed curve. For carbon dioxide bubbles in the 99.0 per 
cent aqueous Glycerol solution 71 per cent of the data points lie 




















































































































































































and 0.7 cm /sec from the smoothed curve and the remaining 4 points 
lie within 1.0 cm /sec of the smoothed curve. Finally for carbon 
dioxide bubbles in the 1.0 per cent aqueous Polyox solution 86 per 
cent of the data points lie within 0.4 cm /sec of the smoothed curve, 
7 points lie between 0.4 and 0.7 cm /sec from the smoothed curve and 
the remaining result lies within 1.0 cm /sec of the smoothed curve. 
These values are in good agreement with the standard deviations of 
UB given in Section 4.1 of Chapter 4. 
5.1.1 UB for Carbon Dioxide - Distilled Water and Aqueous Glycerol 
Solutions 
For large spherical cap bubbles in potential flow through an 
infinite liquid, the Davies -Taylor relationship, Eqn. (31), gives for 
an included cap angle of 20 = 100 °, 
UB = 25.0 V 1/6 
in agreement with the Mendelson equation, Eqn. (35). 
(31) 
However, Datta (D3) and Uno and Kintner (U1) have demonstrated 
that for De /Dc >,.0.1 the column container walls retard the rate of 
rise of bubbles. Uno and Kintner gave the following relationship to 
correct for the velocity retardation wall effects, 
UB 
UB (0.) / 
138. 
U ( D )0.765 
B ( 1 (1 - e )) 
U 
B 
(c.) ( ( Dc ) ) 
(38) 
b11 appearing in Eqn. (38) was given in Ref. (U1) as a function of 
liquid surface tension and column diameter, and takes the value of 
0.882 for distilled water and 0.892 for the two aqueous Glycerol 
solutions. 
In Figs. (15) to (17), the measured terminal rise velocity 
data corrected for column wall effects by means of Eqn. (38) are 
included for comparison with the theoretical Mendelson or Davies - 
Taylor relationships given by Eqns. (34) and (31) respectively. 
From Figs. (15) to (17) it can be seen that column wall effects 




of 0.11 in distilled water 
(Fig. (15)), of 0.12 in the 90.6 per cent aqueous Glycerol solution 
(Fig. (16)), and of 0.11 in the 99.0 per cent aqueous Glycerol solu- 





of 0.10, below which wall effects are negligible, indicated 
by Datta (D3) and by Uno and Kintner (U1). 
It can be seen from Figs. (15) to (17) that at a sufficiently 
large bubble diameter, the velocity data corrected for wall effect 
rises above the Davies -Taylor equation predictions, and as bubble 
size is further increased, the amount by which the Davies- Taylor 
equation underpredicts the values of UB(00) become progressively larger. 
Thus the bubble equivalent spherical diameter at which UB(oo) rises 
significantly above the theoretical Davies -Taylor value, (i.e. > 2 per 
cent above), in the 10.16 cm I.D. column used is 3.75 cm for water, 
4.25 cm for the 90.6 per cent aqueous Glycerol solution, and 5.1 cm for 
the/ 
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the 99.0 per cent aqueous Glycerol solution. These De values for 
distilled water and the 90.6 per cent aqueous Glycerol solution are 
in fairly good agreement with the findings of Davidson and Harrison 
(D10) who summarised the work of Uno and Kintner (U1) and showed 
that comparison of the experimental data with the ratio of limiting 
slug flow velocity, (Eqn. (36)), to the Davies -Taylor rise velocity, 
(Eqn. (31)), indicated the onset of slug flow at De /Dc > 0.33 
approximately. 
Figs. (15) to (17) and Fig. (35) show that at sufficiently 
large bubble diameters, the measured bubble rise velocity data, which 
approach asymptotically the Dumitrescu equation, Eqn. (36), for 
the rise velocity of a gas slug of infinite length under potential 
flow conditions, lie within 5 per cent of the theoretical Dumitrescu 
predictions. The value of D 
e 
at which the experimental curve 
approaches within 5 per cent of the Dumitrescu prediction is 2.65 cm 
in distilled water, Fig. (15); 3.5 cm (Re = 79) in the 90.6 per 
cent aqueous Glycerol solution, Fig. (16), and 5.1 cm (Re = 30) in 
the 99.0 per cent aqueous Glycerol solution, Fig. (17). It should be 
noted that Nicklin et al (N5) demonstrated experimentally that Eqn. 
(36) was applicable to a slug of finite length provided that viscosity 
effects were negligible. 
From the foregoing discussion in this subsection, it can be 
seen that the approach to potential flow conditions occur at increasingly 
larger bubble equivalent spherical diameters and decreasing Re as 
Newtonian liquid viscosity is increased. 
For/ 
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For bubble sizes in the range 0.42 cm < De < 1.1 cm, in 
distilled water, (Figs. (15) and (35)), the terminal rise velocity 
data pass through a minimum, this minimum occurring at De = 0.51 cm 
which is in good agreement with the value of De = 0.505 cm predicted 
by the Mendelson equation, Eqn. (34). Mendelson (M7) divided the 
inviscid flow regime into two regions, the buoyancy dominated regime, 
De > 1.1 cm for distilled water, and the surface tension dominated 
regime, De less than 1.1 cm until viscous flow sets in. For 
distilled water the smoothed curve through the experimentally 
determined UB data corrected for wall effect for De > 1.1 cm, always 
lies within 5 per cent of the theoretical Mendelson equation predictions 
over the bubble size range investigated, 0.42 cm < De < 3.79 cm. The 
measured values of UB for De > 0.51 cm are in good agreement with the 
values obtained by Loudon (L19) for carbon dioxide bubbles in distilled 
water also contained in a 10.16 cm I.D. column. For 0.42 cm < D 
e 
< 0.51 
cm, the currently measured bubble rise velocities increase with 
decreasing bubble size and rise above the data of Loudon, which starts 
decreasing for De < 0.43 cm. Loudon's lower bubble rise velocity 
data for D 
e 
< 0.51 cm is probably due to viscous flow setting in at 
a larger bubble size than in the present investigations. This may be 
explained in terms of a larger concentration of surface -active 
impurities in the bulk liquid used by Loudon, since as noted in Ref. 
(H1) this would result in an increase in bubble drag coefficient and 
a reduction in bubble rise velocity. As pointed out in Sections 
2.1.2 (1) and 2.1.2 (2), two possible sources of liquid contamination 
in/ 
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in Loudon's experimental work, (rust from the end plate of the column 
equal tee section, and petroleum jelly from stopcocks at the top and 
bottom of the mass transfer column), were eliminated in the present 
work. The present UB data for carbon dioxide bubbles in distilled 
water in the size range (0.42 cm < De< 1.1 cm) is in good agreement 
with the UB versus De data for nitrogen bubbles in distilled water 
obtained by Leonard and Houghton (L8 and L9) and the data of Haberman 
and Morton (H1) for air bubbles in distilled water. The value of 
UB obtained for the 0.07 cm De bubble in distilled water is also in 
good agreement with the value experimentally obtained by Haberman 
and Morton (H1) for an air bubble at the same bubble size. For this 
bubble diameter, the spherical gas bubble behaves as if it were a 
solid sphere (M7, H1). 
For small bubbles in the aqueous Glycerol solutions, (De< 
0.4 cm (Re < 2) in the 90.6 per cent solution and De < 0.8 cm (Re < 1) 
in the 99.0 per cent solution), the experimental UB versus De data 
are in agreement with Eqn. (19) which gives bubble velocities in the 
Hadamard /Rybczynsky regime, the regime for spherical circulating 







The predictions of Eqn. (19) are included in Figs. (16) and (17). 
In agreement with the findings of Haberman and Morton (H1) for liquids 
of high M (M > 10-3), the velocity data for the 90.6 per cent and the 
99.0 per cent aqueous Glycerol solutions increase steadily with 
increasing/ 
increasing bubble size. The rate of increase of UB falls off at 
a fairly well- defined value of De (1.2 cm) for the 90.6 per cent 
Glycerol solution. No maxima or minima are encountered in the UB 
142. 
versus De curves of the two Glycerol solutions, though the curve 
through the measured data for the 99.0 per cent aqueous Glycerol 
solution passes through a point of inflection at De = 3.5 cm, and 
more rapidly approaches the Dumitrescu equation predictions thereafter 
(see Figs. (17) and (35)). The point of inflection corresponds 
approximately to the point at which bubble skirting commences in the 
99.0 per cent aqueous Glycerol solution. 
5.1.2 UB for Carbon Dioxide - Aqueous Polyox Solution 
The terminal rise velocity data for carbon dioxide bubbles 
in the 1.0 per cent aqueous Polyox solution was found to be lower 
than that of distilled water, and to agree most closely with the data 
for the 90.6 per cent aqueous Glycerol solution of the three Newtonian 
liquids studied in this work (see Fig. (35)). 
Fig. (36) is a log -log plot of bubble terminal rise velocity 
versus bubble volume for De 0.58 cm (VB < 0.105 cm3). The data 
shows clearly that a critical bubble volume, 0.0105 cm3 = 0.27 cm), 
exists at which there is an abrupt increase in velocity. This fact 
is also indicated in Figs. (18) and (35). At this critical bubble 
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of 4.15. That such a critical bubble volume exists at small bubble 
sizes has been reported only once previously - by Astarita and 
Apuzzo (A7) for bubbles in aqueous solutions of ET497 and J -100, 
both of which exhibit viscoelastic pseudoplastic behaviour. The 
bubble rear was also observed to undergo a shape change at this critical 
bubble size, since for VB just less than the critical bubble volume 
though the bubble rear surface is cuspidal the whole surface of the 
bubble appears convex, whereas when VB is just greater than the 
critical volume, the protruding tail at the bubble rear pole is more 
marked and the surface of the bubble appears to be concave along a 
horizontal circle slightly above the protruding tail (see Section 
5.3.1 (c) and Fig. (39) ii and iii). The slope of the log UB - 
log VB plot was the same for bubble volumes smaller and larger than 
the critical volume (see Fig. (36)). 
Astarita and Apuzzo (A7) suggested the following possible 
interpretation of the critical bubble volume phenomenon. It was 
assumed that the observed transition was due to a transition from 
the Stokes to the Hadamard /Rybczynsky regime of flow and that visco- 
elasticity caused the abruptness of the transition. As pointed out 
in Section 1.2.1 (a) of this report dealing with theoretical expres- 
sions for UB and CD in the Stokes and the Hadamard /Rybczynsky flow 
regimes, it is presumable that for n (the liquid power law flow index) 
< 1 (i.e. for pseudoplastic liquids), Xn and hence 
Xn' 
UB (Hadamard /Rybczynsky) 
UB (Stokes) 
pseudoplasticity/ 
> 1.5, and increases with increasing 
pseudoplasticity. Xn and Xn' are given by Eqns. (15) and (20) 
respectively. From that section of this report it can also be seen 
from Eqn. (16) that in both the Stokes and the Hadamard /Rybczynsky 
regimes 
(d log UB) 
(d log VB) 
VB = critical bubble volume 




(d log UB) 
For the 1.0 per cent aqueous Polyox solution used, (d log V 
B) 
just 
before and after the critical bubble volume is 0.98 which from Eqn. 
(140) would give a value for n of 0.52. This value for n is in 
close agreement with the value of 0.540 (± 0.011), determined from 
the shear rate /shear stress measurements of the Ferranti- Shirley 
cone and plate rotational viscometer (see Appendix IV ii (2)). 
The values obtained for the Polyox solution fit well into 
Table 3 below giving the values of the velocity increase factor at 
the critical bubble volume as well as local values of d log UB/ d log VB 
and the apparent non -Newtonian flow index calculated from Eqn. (140) 




log UB) Velocity increase 
factor (presumably n 
(d log VB) 
critical 
UB Hadamard /Rybczynsky (Eqn. 
volume UB Stokes ) (140)) 
Newtonian 0.667 1.500 1.00 
0.30% ET497 (A7) 0.93 2.22 0.56 
0.25% J -100 (A7) 0.94 2.35 0.55 
1.0% Polyox (Present 
work) 
0.98 4.15 0.52 
0.50% J -100 (A7) 1.06 5.55 0.46 
0.70% ET497 (A7) 1.10 5.86 0.44 
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From Fig. (36) it can be seen that for VB > 0.056 cm3 (De > 
0.48 cm) the rate of increase of the bubble rise velocities with 
increasing bubble size starts gradually to decrease, though Figs. 
(18) and (35) indicate that bubble rise velocity continues to increase 
quite rapidly with increasing bubble De until De = 1.1 cm. At this 
point the shape of the curve changes noticeably and the rate of 
increase of UB with increasing De falls sharply, and then starts to 
increase again until a bubble diameter of 2.4 cm is reached. At 
De = 2.4 cm dUB /dDe falls off sharply and the measured terminal 
rise velocities asymptotically approach the value predicted by the 
Dumitrescu equation, Eqn. (36). The data approaches within 5 per 
cent of the theoretical Dumitrescu prediction for De > 4.1 cm. As 
for the Newtonian liquids, it would be expected that for De > 1.1 cm, 
velocity retardation effects caused by the column wall would become 
significant. 
The four regions into which the UB versus De data can be 
divided, (0.24 cm < D 
e 
5 0.27 cm, 0.27 cm D 
e 
< 1.1 cm, 1.1 cm < 
De < 2.4 cm, and 2.4 cm < De < 5.62 cm), also correspond approximately 
to four bubble shape regions and to four distinct regions in the KL 
versus D 
e 
curve for carbon dioxide bubbles in the Polyox solution 
(see Section 5.4.3). 
Comparison of the present bubble rise velocity data with those 
of Loudon (L19) for carbon dioxide bubbles in aqueous CMC solutions 
which exhibit pseudoplastic behaviour, (given in Fig. (3)), reveals 
that the velocity data for the Polyox solution used in the present 
work are in closest agreement with the data for the 1.5 per cent aqueous 
CMC solution, (curve 4 of Fig. (3)), for De > 0.5 cm. 
146. 
5.2 MASS TRANSFER PRODUCTS 
Instantaneous mass transfer products around single carbon 
dioxide bubbles rising freely in distilled water, a 90.6 per cent 
and a 99.0 per cent aqueous Glycerol solution, and a 1.0 per cent 
aqueous Polyox solution contained in a 10.16 cm I.D. column are shown 
in Figs. (19) to (22). Fig. (37) contains a family of curves con- 
sisting of the smoothed curves drawn through the experimental KLA 
versus De data for each liquid. 
In the KLA versus De results for carbon dioxide bubbles in 
distilled water, 91 per cent of the KLA results lie within 0.02 
cm3 /sec of the smoothed curve drawn through the data, the remaining 
four data points lying within 0.03 cm3 /sec of the smoothed curve. 
For carbon dioxide bubbles in the 90.6 per cent aqueous Glycerol 
solution all the data points lie within 0.01 cm3 /sec of the smoothed 
curve, as do all the data points for the carbon dioxide bubbles in 
the 99.0 per cent aqueous Glycerol solution. For the 1.0 per cent 
aqueous Polyox solution 98.3 per cent of the KLA results lie within 
0.02 cm3 /sec of the smoothed curve, the remaining single point lying 
wihtin 0.03 cm3 /sec of the smoothed curve value. These values are 
in good agreement with the standard deviations in KLA estimated by 
the methods described in Sections 3.1 and 3.2 (c) of Chapter 3 and 







































































































































































































5.2.1 KLA for Carbon Dioxide - Distilled Water and Aqueous Glycerol 
Solutions 
The mass transfer product data for carbon dioxide bubbles 
in distilled water (at 25 °C) is compared in Fig. (19) with the 
experimental results of Loudon (L19) for carbon dioxide bubbles in 
distilled water (at 15.1 °C to 21.1 °C) also contained in a 10.16 I.D. 
column. The KLA data obtained in the present work lie above 
Loudon's data over the bubble size range (0.42 cm D 
e 
3.79 cm) 
investigated, the difference between the two sets of data becoming 
more marked at larger bubble diameters. Thus at De = 2 cm, Loudon's 
data is 7.5 per cent below the present data, at D 
e 
= 3 cm it is 10 
per cent below the present results, and at De = 3.75 cm it lies 16 
per cent below the present results. This discrepancy, particularly 
for bubble equivalent spherical diameters greater than 0.5 cm, may, 
at least in part, be explained by the lower range of liquid tempera- 
ture encountered in the work of Loudon. According to the diffusivity 
data of Davidson and Cullen (D11), KL for carbon dioxide bubbles in 
water would be expected to decrease by up to 9 per cent for a liquid 
temperature decrease of 5 °C, if KL a,% DL (as in Eqn. (79)). For 
small bubbles, (D 
e 
< 0.5 cm), in addition to the temperature difference 
effect, it seems possible that the extent of bulk liquid surfactant 
contamination in Loudon's experimental work was higher than in the 
present work, and this would result in a lower value of KL for small 
bubbles (see Section 5.4.1). 
The KLA versus De data for the two aqueous Glycerol solutions 
indicate/ 
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indicate that the mass transfer product progressively increases with 
increasing bubble size (Figs. (20), (21) and (37)). For De > 3.9 
cm in the 99.0 per cent aqueous Glycerol solution the value of 
d(KLA) /dDe shows a marked increase. The bubble size De = 3.9 cm 
corresponds to the onset of bubble skirting in the 99.0 per cent 
aqueous Glycerol solution (see Section 5.3.1 (b) and Fig.(38)). 
5.2.2 KLA for Carbon Dioxide - Aqueous Polyox Solution 
The mass transfer product data for single carbon dioxide 
bubbles in the 1.0 per cent aqueous Polyox solution is shown in 
Figs. (22) and (37). The data show a small increase in KLA with 
increasing bubble size over the range 0.24 cm < De < 0.27 cm, a more 
marked increase over the bubble size range 0.27 cm De < 1 cm, and 
a still more rapid rate of increase over the bubble size range 
1 cm < D 
e 
< 1.75 cm. Between D 
e 
= 1.75 cm and D 
e 
= 2.2 cm the value 
of KLA remains almost constant at 0.18 cm3 /sec. For 2.2 cm < De < 5.62 
cm the value of KLA increases sharply with increasing bubble size, and 
the KLA versus D 
e 
curve for the Polyox solution in this bubble size 
range lies displaced below that for distilled water and almost 
parallel to it (Fig. (37)). 
From Section 5.4.3 and Fig. (39) it can be seen that for 
bubble equivalent spherical diameters << 0.27 cm the bubble behaves 
as a solid particle, whereas over the bubble size range 0.27 cm De < 1 
an the bubble circulates and adopts a top shape. For De > 1 cm the 
bubble/ 
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bubble shape is that of an oblate spheroid with a tail until De = 2.2 
cm when the bubble assumes a spherical cap shape. The observed 
KLA data for carbon dioxide bubbles in the Polyox solution can thus 
be explained in terms of bubble shape changes, (noting that in the 
region 1.75 cm < De < 2.2 cm the bubble shape is changing from oblate 
spheroidal with tail to spherical cap), and the transition from rigid 
to circulating sphere behaviour. 
150. 
5.3 BUBBLE SHAPE AND SURFACE AREA 
5.3.1 Bubble Shape and Eccentricity for Carbon Dioxide - Distilled 
Water, Aqueous Glycerol Solutions and Aqueous Polyox Solution 
The various bubble shape configurations observed in distilled 
water and the two aqueous Glycerol solutions of solute concentrations 
90.6 per cent and 99.0 per cent by weight are summarised in Fig. 
(38). Fig. (39) shows the various bubble shapes encountered in 
the 1.0 per cent aqueous Polyox solution. Bubble cross sections 
shown in Fig. (38) are not drawn to scale, although width to height 
ratios are representative of actual bubble photographs (after correc- 
tion for optical distortion). Bubble horizontal dimensions in 
Fig. (39) are 96 per cent of full size, and so vertical dimensions 
are 0.96 MR of full size, where MR is the photographic distortion 
factor. 
Bubble shapes have been characterised by a shape ratio, 
SR = De /2a (T1), which is tabulated in Appendix V, and also by an 
eccentricity parameter, E = 2a /2b (the bubble width to height ratio) 
(C3). Bubble eccentricities E1, calculated from optical distortion - 
corrected photographic dimensions, and E2, evaluated after applying 
the bubble shape fitting procedure described in Appendix III, for 
bubbles in distilled water, the 90.6 per cent and the 99.0 per cent 
aqueous Glycerol solutions, and the 1.0 per cent aqueous Polyox 
solution contained in a 10.16 cm I.D. colurnu are presented graphically 
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experimental E versus De data for the four liquids are combined 
in Fig. (40) . 
(a) Earlier work (A3, C11, D4, D5, D7, D8, H1, L19, M9, R5, Sl, 
S6, Ti, Ul) combined with bubble photographs taken during the present 
work reveal the shape of gas bubbles rising through water to vary 
with increasing bubble size from spherical to oblate spheroid to 
irregular ellipsoid to spherical cap. In the present work a 
spherical bubble shape was observed at De = 0.07 cm, an oblate 
spheroidal shape, (irregular for the larger bubble sizes in the size 
range), over the bubble size range 0.42.E De ,<, 1.81 cm, and a 
spherical cap shape over the bubble size range 1.8.1 cm < De < 3.79 cm, 
(5900 < Re < 14500). The 0.07 cm diameter bubble rose rectilinearly, 
while bubbles in the size range 0.42 cm _< De < 0.7 cm rose with a 
zig -zag or spiral motion. Between bubble diameters of 0.7 cm, (Re = 
.1800), and 1.8 cm, an irregular ellipsoid shape was adopted and the 
bubble pulsated about a mean shape. These bubbles were also observed 
to rise rectilinearly with a rocking motion, and random bubble surface 
rippling started to develop in this size range. Over the bubble 
size range 1.8 cm < De < 3 cm a transition from irregular ellipsoid 
to spherical cap shape occurred, and over this size range bubble 
surface rippling was much in evidence. For De = 3 cm to De = 3.67 cm 
the bubbles adopted fully developed spherical cap shapes and 
exhibited little surface rippling, any which existed being mainly on 




































































































































































The large scatter in bubble eccentricity, (up to ± 30 per 
cent about the mean), in distilled water over the size range 0.7 cm < 
De < 2.5 cm may be accounted for by the irregularities in bubble 
shape and motion over this size range brought about by bubble 
pulsations, surface rippling, and bubble tilting, the last named 
resulting from the rocking motion about the axis of rise during 
bubble ascent. The fact that for most bubbles in the size range 
0.7 cm < De < 2.5 cm Ab is negative, (Table (7), Appendix V), is 
indicative of the effect of bubble tilting occurring in a plane other 
than that of the field of view of the camera. 
From Figs. (23) and (40) it can be seen that on increasing 
bubble De from 0.4 cm to 1 cm the eccentricity increases in approximate 
proportion to De from about 1.2 to 2. Over this size range bubble 
shape goes from oblate spheroidal to irregular ellipsoidal. In 
the bubble size range 1 cm < De < 1.8 cm bubble eccentricity continues 
to increase to a value of 3.5, a transition from the irregular 
ellipsoidal shape to a spherical cap shape starting to occur for the 
larger bubbles in this size range. The start of slug flow conditions, 
(D10, Ul), becomes apparent for De greater than about 3 cm, when 
column wall effects result in a progressive reduction of bubble 
eccentricity resulting in a tendency towards a more nearly hemispherical 
shape. 
The trends of the E versus D 
e 
curve for distilled water is 
in agreement with the findings of Tadaki and Maeda (Tl) who investi- 
gated/ 
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gated bubbles, (0.25 cm < De < 1.8 cm), in distilled water contained 
in a 10 cm I.D. column, and of Loudon for carbon dioxide bubbles, 
(0.2 cm < D 
e 
< 4.8 cm), in distilled water contained in a 10.16 cm 
I.D. column. 
(b) It is apparent from Fig. (38) that the random bubble surface 
rippling observed in distilled water for De > 0.9 cm was absent in 
the case of the more viscous 90.6 per cent and 99.0 per cent aqueous 
Glycerol solutions. Bubble shape configurations in the 90.6 per 
cent aqueous Glycerol solution were otherwise similar to those 
observed in distilled water. Thus for 0.23 cm De < 0.43 cm, the 
bubble was spherical in shape while for 0.43 cm < De < 0.53 cm the 
bubble underwent a shape transition resulting in an oblate spheroidal 
shape for 0.53 cm < D 
e 
< 0.75 cm. Over the size range 0.75 cm < D 
e 
< 1 
cm a shape transition occurred resulting in a spherical cap shape for 
bubble diameters larger than 1 cm. Over the bubble size range investi- 
gated, 0.23 cm De 5.53 cm, the bubbles rose rectilinearly without 
noticeable rocking or pulsations in the 90.6 per cent aqueous Glycerol 
solution. In the 99.0 per cent aqueous Glycerol solution, the 
bubble was spherical for 0.44 cm De 0.60 cm. Over the size range 
0.63 cm < De < 1 cm an oblate spheroidal shape was adopted. For 
1 cm < De < 1.8 cm a shape transition occurred, the bubble rear surface 
gradually flattening as bubble size was increased in this size range, 
and becoming slightly concave for bubble diameters near 1.8 cm. 
Over the bubble size range 1.8 cm < De 2.78 cm, the bubble adopted a 




De < 5.42 cm the bubble shape was that of a spherical cap. For 
bubbles in the spherical cap shape region in the 99.0 per cent 
aqueous Glycerol solution, the rear surface was concave until 
3.9 cm < De < 5.42 cm when the spherical cap bubbles developed skirts 
around the peripheral edge of their rear surface, which was planar 
for these skirted bubbles. The lengths of skirts varied from about 
4.8 cm to about 5.8 cm over the bubble size range 3.9 cm < De - 5.42 cm, 
and the skirts were symmetrical and stable. It was not possible 
to evaluate any generalised empirical criterion based on dimensionless 
groups for the onset of bubble skirting, as the conditions when 
skirting commences are known fully for only two liquids - a 6.1 per 
cent aqueous solution of Polyvinyl Alcohol (D5), and the 99.0 per 
cent aqueous Glycerol solution investigated in the present work. 
Over the bubble size range studied in the 99.0 per cent aqueous 
Glycerol solution, 0.44 cm De <, 5.42 cm, the bubble rose rectilinearly 
without pulsations or rocking. 
The shape of the E versus De curve for the 90.6 per cent 
aqueous Glycerol solution is similar to that for distilled water 
(Fig. (40)) . From Figs. (24) and (40) it can be seen that for 
bubbles going from a spherical to an oblate spheroidal shape, i.e. 
increasing the bubble De from 0.43 cm to 0.75 cm, the eccentricity 
increases almost proportionally to De from 1 to 1.5. Over the 
bubble size range 0.75 cm < De < 2.1 cm, which corresponds to bubble 
shape going from oblate spheroidal to spherical cap, the eccentricity 
continues to increase to a value of about 3.4. The onset of slug flow 
conditions/ 
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conditions become apparent for De > about 3 cm and the eccentricity 
falls off to a value of about 2.1 at D 
e 
= 5.5 cm. Fig. (40) 
indicates that the rate of fall off of the E versus D 
e 
curve is 
greater for the more viscous 90.6 per cent aqueous Glycerol solution 
than for distilled water. From Figs. (24) and (38) it can be seen 
that in the absence of bubble surface rippling, bubble rocking, and 
bubble pulsations, the scatter of the eccentricity data about the 
smoothed curve is much less than for distilled water, the maximum 
deviation from the smoothed curve value being 10 per cent for this 
Glycerol solution (see Fig. (24)). 
As for the 90.6 per cent solution, the scatter of the 
eccentricity data for bubbles in the 99.0 per cent aqueous Glycerol 
solution was considerably less than for distilled water and never 
exceeded an 8 per cent difference from the smoothed curve value 
(Fig. (25)). Fig. (40) shows the eccentricity values for bubbles 
in the 99.0 per cent aqueous Glycerol solution to lie much below 
those for either distilled water or the 90.6 per cent aqueous Glycerol 
solution. With reference to Fig. (25) it can be seen that from 
bubble De = 0.6 cm to De = 1.75 cm, the eccentricity increases in 
approximate proportion to De from 1 to 1.9. This size range 
corresponds to bubble shapes going from spherical to oblate spheroidal. 
Between De = 1.75 cm and De = 2.8 cm, i.e. for bubbles going from an 
oblate spheroidal to a > hemispherical shape, the eccentricity 
remains constant at 1.9. At De = 2.8 cm, the bubble adopts a 
spherical cap shape and the eccentricity rises to a value of 2.15, 
falling/ 
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falling gradually to about 2.05 for De = 3.8 cm. At De = 3.9 cm, 
bubble skirting commences in the 99.0 per cent aqueous Glycerol 
solution and the eccentricity data rises to a value of about 2.4, 
falling to a value just above 2 at De = 5.5 cm. Fig. (40) shows 
that the E versus De curves for the two aqueous Glycerol solutions 
investigated tend to converge as De is increased above 4 cm. 
(c) Fig. (39) shows that carbon dioxide bubbles in the 1.0 per 
cent aqueous Polyox solution were spherical for 0.24 cm < De < 0.26 cm, 
prolate spheroidal for 0.26 cm < De < 0.27 cm, and adopted a top shape 
for 0.27 cm < De < 0.95 cm. For 0.95 cm < De < 2.18 cm, the bubble 
shape was that of an oblate spheroid with a tail, though for 
1.75 cm < De < 2.18 cm, the bubble tail gradually disappeared and 
the bubble rear surface tended to flatten out. For 2.18 cm < De < 5.62 
cm, the bubbles adopted a spherical cap configuration. Over the 
size range, 1.75 cm 
< -De 
< 3 cm the bubble frontal surface exhibited 
a sharp change in radius of curvature in the vicinity of the lower 
edge of the bubble nose. For De > 4 cm, a concave hole appeared 
in the centre of the bubble floor and became more pronounced with 
increasing bubble size. For D 
e 
> 4.5 cm, a circular lip of gas 
surrounding the concave hole in the bubble floor appeared, and this 
lip projected out below the bubble into its wake region (see Fig. 
(39) xiii). This bubble shape phenomenon has not been previously 
reported. Bubbles in the Polyox solution did not exhibit surface 
rippling and rose rectilinearly without rocking or pulsations. 
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The tailing of the downstream surface of gas bubbles and 
liquid drops has been reported previously, (A7, B4, L19, M10, P7, W2), 
and is known to be peculiar to non -Newtonian fluid fields only. 
Tentative explanations of the tailing phenomenon observed in pseudo - 
plastic and thixotropic fluids (P7, W2) have been suggested in terms 
of fluid displaced by the bubble or drop failing to recover quickly 
enough, thereby resulting in a 'hole' at the rear of the bubble or 
drop. Astarita and Apuzzo (A7) suggested that viscoelasticity may 
play an important part in the appearance of unusual bubble shapes. 
Figs. (26) and (40) show the eccentricity data to fall from 
a value of 1 at D 
e 
0.26 cm to a value of 0.85 at D = 0.27 cm 
e 
and a value of 0.8 at De = 0.3 cm. This corresponds to bubble 
configurations going from spherical, through prolate spheroidal to 
top shaped. The eccentricity remains constant at about 0.8 until 
De = 0.65 cm when it starts to rise gradually to a value of 0.85 at 
an equivalent spherical diameter of about 0.9 cm. This bubble 
size range corresponds to the top shaped bubble configuration. As 
De is increased above 0.95 cm, the eccentricity rises to a value of 
about 2.85 at De = 2.2 cm, the bubble adopting an oblate spheroid 
with tail shape over this size range. For De > 3.5 cm, the onset 
of slug flow conditions results in E falling off with increasing De 
to a value just above 2 at De = 5.5 cm. The scatter of the eccentri- 
city data about the smoothed curve was always less than 8 per cent. 
5.3.2/ 
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5.3.2 Bubble Surface Area for Carbon Dioxide - Distilled Water, 
Aqueous Glycerol Solutions and Aqueous Polyox Solution 
The total surface areas, A, of single carbon dioxide bubbles 
rising through distilled water, a 90.6 per cent and a 99.0 per cent 
aqueous Glycerol solution, and a 1.0 per cent aqueous Polyox solution 
in a 10.16 cm I.D. column, are plotted versus bubble equivalent 
spherical diameter in Figs. (27) to (30). Included in Figs. (27) 
to (30) is the curve 
= TrD2 
e 
where As is the bubble equivalent spherical area. 
(139) 
Bubble surface area, A, was based on the calculated eccentri- 
city E2; i.e. the measured eccentricity, El, modified by the bubble 
shape fitting procedure described in Appendix III. 
Loudon (L19) has shown that the percentage difference between 
E1 and E2 for a given bubble size results in a percentage difference 
only about one -third as large between A based on El and A based on 
E2. This lesser sensitivity of the surface areas of oblate spheroids 
and spherical caps to changes or errors in bubble height than to 
changes or errors in bubble width contributes to the A versus De plots, 
(Figs. (27) to (30)) exhibiting considerably less scatter than do the 
corresponding eccentricity versus De data. This is most noticeable 
for bubbles in distilled water (see Figs. (27) and (23)). 
Table 4 below gives bubble surface areas taken from the 
smoothed A versus De data for carbon dioxide bubbles in distilled water, 
the/ 
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the two aqueous Glycerol solutions and the one aqueous Polyox 






Smoothed Bubble Surface 
2 
7 D Water 90.6% Glycerol 99.0% Glycerol 
1.0 3.14 3.6 4.2 3.3 3.3 
2.0 12.57 17.7 17.9 14.7 16.8 
3.0 28.26 41.5 40.5 33.7 38.4 
3.5 38.45 56.2 53.4 46.5 51.2 
4.0 50.25 67.2 61.6 65.3 
5.0 78.54 97.8 94.9 95.8 
Inspection of Figs. (27) to (30) and Table 4 reveals the 
similarity between bubble surface areas observed in the distilled 
water and in the 90.6 per cent aqueous Glycerol solution. Bubble 
surface areas, A, in the 1.0 per cent aqueous Polyox solution and in 
the 99.0 per cent aqueous Glycerol solution were generally lower 
than for distilled water though for bubble D 
e 
> 3.5 cm the values of 
A for all four solutions tended to converge. The bubble surface 
area data for the four solutions investigated also indicate that 
(A - As) becomes progressively larger as bubble size is increased 
and the bubble shape becomes more distorted from the spherical shape. 
These/ 
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These observations are in agreement with the variations of bubble 
shapes and eccentricities with equivalent diameter discussed in 
Section 5.3.1 of this Chapter. 
161. 
5.4 INSTANTANEOUS OVERALL MASS TRANSFER COEFFICIENTS 
Instantaneous overall mass transfer coefficients around single 
carbon dioxide bubbles ascending through distilled water (bubble size 
range: 0.42 cm De 3.79 cm), a 90.6 per cent aqueous Glycerol 
solution (bubble size range: 0.23 cm De 5.53 cm), a 99.0 per cent 
aqueous Glycerol solution (bubble size range: 0.44 cm De . 5.42 cm), 
and a 1.0 per cent aqueous Polyox solution (bubble size range: 
0.24 cm _< Dßí 5.62 cm) contained in a 10.16 cm I.D. column are 
plotted versus De in Figs. (31) to (34). The smoothed KL versus 
De curves through the experimental data for the four liquids studied 
are combined in Fig. (41). In all these graphs, KL values have been 
evaluated on the basis of actual total bubble surface areas. 
As the results of Loudon (L19) for carbon dioxide bubbles in 
distilled water and six aqueous CMC solutions, in which most possible 
means of contamination were avoided, exhibited no significant mass 
transfer coefficient time dependence, no attempt was made to ascertain 
the effect of bubble age on KL in this work. 
5.4.1 KL for Carbon Dioxide - Distilled Water 
In Fig. (31) the mass transfer coefficient data is compared 
with the Boussinesq equation, Eqn. (79), which describes transfer 
around circulating spheres in potential flow 





















































































































































































































































The diffusivity of carbon dioxide in water at 25 °C for use in 
Eqn. (79) is taken to be 1.92 x 10 -5 cm2 /sec (Appendix IV vi) and 
values of UB for given values of De were taken from the smoothed 
curve drawn through the experimental UB versus De data, (Figs. (15) 
and (35)). 
Fig. (31) shows that Eqn. (79) represents a good approximation 
to the experimental data, particularly for D 
e 
> 2.5 cm. At D 
e 
= 2 cm 
the experimental curve lies 5 per cent below the theoretical curve; 
at De = 1 cm, 7.5 per cent below; and at De = 0.5 cm, 16 per cent 
below. The data show a general upward trend in KL as De was 
decreased from 3.8 cm to 0.42 cm. 
The single experimental point taken for De < 0.42 cm, 
(De = 0.07 cm), had a KL value (1.2 x 10 -2 cm /sec) which was less 
than any of those obtained for the bubbles in the size range 
0.4 cm < De < 3.8 cm. Though the accuracy of this KL determination 
is not very great (KLA = (1.8 ± 2) x 10 -4 cm3 /sec), it is sufficient 
to indicate that KL has passed through a maximum between De = 0.07 cm 
and De = 0.42 cm. The experimentally determined value of KL at 
D 
e 
= 0.07 cm was compared with KL calculated from the Griffith 
equation, Eqn. (74), which describes mass transfer around a solid 
sphere at intermediate and high Reynolds numbers. KL calculated 
from Eqn. (74) lies 90 per cent below the experimental value, while 
KL calculated from Eqn. (79) lies 380 per cent above the experimental 
value, thus indicating that at this small size, the bubble behaves as 
a rigid sphere in the distilled water, whereas at De > 0.42 it 
behaves/ 
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behaves as a circulating bubble. This is also indicated by the UB 
versus De data for carbon dioxide bubbles in distilled water, (Fig. 
(15)), and is in agreement with the data of Zieminski and Raymond 
(Z2) whose KL results for carbon dioxide bubbles in distilled water 
at 25 °C over the size range 0.27 cm to 0.38 cm is shown in Fig. (8). 
The results of Zieminski and Raymond show KL to increase with 
decreasing bubble size from 0.044 cm /sec at De = 0.38 cm to a maximum 
value of 0.060 cm /sec at De = 0.30 cm; thereafter decreasing to a 
value of 0.055 cm /sec at De = 0.27 cm. In fact the data of Zieminski 
and Raymond could be inserted into the interval between De = 0.07 cm 
and De = 0.42 cm in Fig. (31). The data of Zieminski and Raymond 
fall some 33 per cent above the theoretical value predicted by 
Eqn. (79) at D 
e 
= 0.30 cm, though at D 
e 
= 0.38 cm the data fall only 
5 per cent above the theoretical prediction. The maximum in KL 
was attributed to a progressive transition between circulating and 
rigid bubble behaviour, in agreement with the observations in the 
present investigation. 
Loudon (L19) found that for carbon dioxide bubble diameters 
below 1 cm the values of KL in distilled water at 20 °C remained 
approximately constant at 0.019 cm /sec until a bubble diameter of 
0.45 cm was reached (Fig. (48) of Ref. (L19)), below which diameter 
the data fell sharply to a value of 0.009 cm /sec at De = 0.2 cm. 
Loudon considered interfacial contamination effects and /or the 
inability of the Visicorder method used for recording column pressure 
changes to give an accurate value of dPT /dt for -such small bubbles, 
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to be responsible for the displacement of his KL data around small 
bubbles below the values predicted by Eqn. (79). In this work a 
more accurate method of determining dPT /dt was used (Section 2.1.2 
(7)), and two sources of column liquid contamination (rust from the 
end plate of the column equal tee section, and petroleum jelly from 
stopcocks at the top and bottom of the mass transfer column) were 
eliminated (Sections 2.1.2 (1) and 2.1.2 (2)). This probably explains 
the higher KL values obtained in the present work for D 
e 
< 1 cm even 
when the higher liquid temperature, (25 °C as compared with approximately 
20 °C), is taken into account. For De > 1 cm, Eqn. (79) represents 
a good approximation to the results of Loudon (L19), as it does to the 
present data. 
The general trend of the KL versus De curve for carbon 
bubbles in distilled water over the bubble range cm 
De < 3.8 cm is in agreement with the experimental observations of 
Hammerton (15) for carbon dioxide bubbles in water, of Hammerton and 
Garner (H6) for carbon dioxide, ethylene, oxygen and hydrogen bubbles 
in distilled water, and of Coppock and Meiklejohn (C15) for oxygen 
bubbles in distilled water. The fact that many early investigators 
indicated a downward trend in the KL value of soluble bubbles in 
water from equivalent spherical diameters as large as 2 cm may, in 
most cases, be explained by the effect of surfactants in the bulk 
liquid phase which progressively contaminate the gas -liquid interface 
and retard interfacial flow. This is discussed in greater detail 
in Section 1.3.1 (c) of this report. 
5.4.2/ 
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5.4.2 KL for Carbon Dioxide - Aqueous Glycerol Solutions 
Instantaneous overall mass transfer coefficients around 
single carbon dioxide bubbles rising freely through two aqueous 
Glycerol solutions - a 90.6 per cent solution (v = 1.46 cm2 /sec) and 
a 99.0 per cent solution 2  (v = 6.17 cm /sec) - are presented in Figs. 
(32), (33) and (41). In Figs. (32) and (33) the data is compared 
with the Boussinesq equation, Eqn. (79) and the Levich equation for 
circulating spheres in creeping flow, (Eqn. (75)). 
Sh = 0.65 Pe ?/ 2 ; KL = 0.65 (DLUB/De) 12 (75) 
The diffusivities of carbon dioxide in the 90.6 per cent and 
the 99.0 per cent aqueous Glycerol solutions at 25 °C for use in 
Eqns. (75) and (79) are taken to be 1.7 x 10 -6 cm2 /sec and 1.5 x 10 -6 
cm 
2 
/sec respectively, (Appendix IV vi). The smoothed curves drawn 
through the observed rise velocity versus De data (Figs. (16), (17) 
and (35)) provided the UB versus De values used in Eqns. (75) and (79). 
For De > 3 cm, (Re > 65), in the 90.6 per cent aqueous 
Glycerol solution, the difference between the smoothed curve drawn 
through the experimental data and the theoretical curve of Eqn. (79) 
is always less than 6 per cent (see Fig. (32)). At De = 3 cm in 
the 99.0 per cent aqueous Glycerol solution the experimental and 
theoretical curves agree, (see Fig. (33)). As the bubble equivalent 
spherical diameter is increased above 3 cm, the experimental KL 
curve falls below the theoretical curve of Eqn. (79) until at De = 3.9 
cm, it lies 7 per cent below the theoretical curve. For De > 3.9 cm, 
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the rate of fall off of the measured overall mass transfer coefficient 
decreases markedly and at De > 4.4 cm KL starts to increase, until 
at De = 5.5 cm, (Re = 40), the experimental curve lies some 20 per 
cent above the theoretical curve. The reason for this change in 
the downward trend of KL with increasing De for De > 3 cm occurring 
at De = 3.9 cm is due to the commencement of bubble skirting, with 
its accompanying increase in bubble eccentricity (Fig. (25)), and 
flattening of the bubble rear surface (Fig. (38)), at this bubble 
size. As KL for skirted bubbles was obtained from KLA by dividing 
by A, the area of the spherical cap, (noting that only very small 
amounts of gas are contained in the skirts (D5, G15)), the enhancement 
in the Experimentally measured values of KL for De > 3.9 cm in the 
99.0 per cent aqueous Glycerol solution results from potential flow 
transfer from the outer surfaces and bubble wake transfer from the 
inner surfaces of the bubble skirts. 
As De is decreased below 3 cm, the measured values of KL 
in the 90.6 per cent aqueous Glycerol solution increase above those 
predicted by the theoretical Boussinesq equation, Eqn. (79), until a 
maximum is reached at De = 0.75 cm when the experimental curve lies 
20 per cent above the theoretical curve. Below this bubble diameter, 
KL decreases sharply, falling below the Boussinesq curve. For 
De < 0.3 cm the experimental KL versus De curve rapidly approaches 
the values predicted by the Levich equation for circulating spheres in 
creeping flow, Eqn. (75). 
From agreement between the theoretical and experimental KL 
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values in the 99.0 per cent aqueous Glycerol solution at bubble 
De = 3 cm, the experimental curve rises above the theoretical 
Boussinesq curve as D 
e 
is decreased below 3 cm. A maximum value of 
the experimental overall mass transfer coefficient occurs at De = 1.8 cm 
when the measured KL value is 15 per cent greater than the theoretical 
Boussinesq value, and below this diameter the experimentally determined 
KL values fall off sharply, decreasing below the Boussinesq curve 
for De < 1.34 cm. At De = 0.84 cm, the experimental curve agrees 
with the theoretical curve predicted by the Levich equation, Eqn. (75). 
As D 
e 
is decreased below 0.84 cm, the experimental curve falls 
below the theoretical Levich curve until at D 
e 
= 0.6 on the measured 
KL value lies 20 per cent below the theoretical value predicted by 
the Levich equation for circulating spheres in creeping flow. As 
D 
e 
is decreased below 0.6 cm, the experimental curve approaches more 
closely the theoretical Levich curve, and at De = 0.44 cm, the 
experimental KL value is only 10 per cent below the theoretical 
Levich value. 
The reason for the observed shapes of the experimentally 
measured KL versus D 
e 
plots for carbon dioxide bubbles in the two 
aqueous Glycerol solutions may be explained as follows: 
In the 90.6 per cent aqueous Glycerol solution, the maximum 
KL value occurs at De = 0.75 cm. Inspection of Fig. (38) reveals 
that for 0.23 cm S D 
e 
< 0.43 cm the carbon dioxide bubbles are 
spherical in the 90.6 per cent aqueous Glycerol solution, while for 
0.43 cm < D 
e 
< 0.53 cm a shape transition results until 0.53 cm < D 
e 
< 
0.75 cm the bubbles adopt an oblate spheroidal shape. For 0.75 cm < 
De < / 
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De < 1 cm a shape transition occurs resulting in a spherical cap 
bubble shape for 1 cm < De 5.53 cm. Thus the maximum KL value 
occurs at the transition from a spherical cap to an oblate spheroidal 
bubble shape. Fig. (38) also shows that for 0.44 cm De < 0.60 cm 
the carbon dioxide bubbles are spherical in the 99.0 per cent aqueous 
Glycerol solution, while for 0.63 cm < De < 1 cm the bubbles are 
oblate spheroidal in shape. Over the size range 1 cm < D 
e 
< 1.8 cm 
a shape transition occurs resulting in a > hemisphere shape for 
1.8 cm < De < 2.78 cm. When 2.78 cm < De 5.42 cm the bubbles adopt 
a spherical cap shape. The maximum KL value for carbon dioxide 
bubbles in the 99.0 per cent aqueous Glycerol solution occurs at 
1.8 cm, which again corresponds to the transition from a spherical 
cap shape with E < 2, (i.e. a > hemispherical bubble shape), to an 
oblate spheroidal shape. The sharp increase in Eccentricity at 
De = 2.8 cm, (see Fig. (25)), in the 99.0 per cent aqueous Glycerol 
solution corresponds to the experimental KL versus De curve going 
from less than to greater than the theoretical Boussinesq prediction 
at that bubble size (see Fig. (33)). 
Thus it is seen that shape transitions are reflected in the 
KL versus De curves. The transition from spherical cap (with 
E > or < 2) to oblate spheroidal shape seems to be accompanied by 
instabilities in the liquid flow around the bubble, resulting in an 
increase in KL above the theoretically predicted value. Part of this 
increase may, however, be explained by the application of the Lochiel- 
Calderbank equation, Eqn. (81), for oblate spheroids in potential flow, 
which/ 
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which is shown in Fig. (6) and which predicts an enhancement in the 
theoretical mass transfer coefficient predicted by the Boussinesq 
equation, Eqn. (79), for bubbles in potential flow when the bubbles 
are oblate spheroidal and have eccentricities lying between 1 and 
5.8. At bubble De = 0.75 cm in the 90.6 per cent aqueous Glycerol 
solution, the bubble eccentricity is just over 1.5 which would 
result in a 7 per cent increase in the theoretical KL due to Boussinesq 
on the application of Eqn. (81), and at bubble De = 1.8 cm in the 
99.0 per cent aqueous Glycerol solution, the bubble eccentricity is 
just over 1.9 which would result in an 8.5 per cent increase in 
the Boussinesq theoretical K.L. 
Zieminski and Raymond (Z2) attribute the KL maximum observed 
in their experimental KL versus De data for carbon dioxide bubbles in 
distilled water as being due to a transition from circulating oblate 
spheroidal behaviour to rigid sphere behaviour. It is interesting 
to note that the KL maximum found by Zieminski and Raymond for distilled 
water occurs with the experimental KL value 33 per cent above the 
theoretical value predicted by the Boussinesq equation, Eqn. (79), 
whereas in the present work the maximum experimental KL value is 20 
per cent above the theoretical Boussinesq prediction for the 90.6 
per cent aqueous Glycerol solution, and 15 per cent above for the 
99.0 per cent aqueous Glycerol solution, indicating a progressive 
decrease with increasing Newtonian liquid viscosity. 
For bubble sizes, De < 0.3 cm, in the 90.6 per cent aqueous 
Glycerol solution the bubbles are spherical and the experimental KL 
values/ 
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values rapidly approach from above the Levich equation for circulating 
spheres in creeping flow, i.e. Re of the order of 1 or less. At 
De = 0.4 cm, Re = 2 and at De = 0.31 cm, Re = 1, so the agreement 
between the Levich theory and experiment for carbon dioxide bubbles 
in the 90.6 per cent aqueous Glycerol solution is good. For bubble 
sizes, De < 1 cm, the experimental KL versus De curve for the 99.0 
per cent aqueous Glycerol solution approaches the Levich curve, 
falls below it, and, for De < 0.6 cm, converges towards the Levich 
curve from below. This is in agreement with the theoretical work of 
Sy and Lightfoot (S18) which predicts a KL reduction of up to 20 per 
cent below the Levich theoretical predictions for circulating bubbles 
which are distorted from the spherical shape to an oblate spheroidal 
shape and are in the creeping flow regime. For 0.63 an < De < 1 cm 
the carbon dioxide bubbles in the 99.0 per cent aqueous Glycerol 
solution are oblate spheroidal in shape, while for 0.44 cm < De < 0.60 cm 
the bubbles adopt a spherical shape; also, at De = 1.05 cm, Re = 2 
and at De = 0.8 cm, Re = 1. 
Thus the theoretical work for circulating bubbles in potential 
flow and for circulating bubbles in creeping flow, combined with 
probable external liquid flow instabilities produced by bubble shape 
transitions suitably explains the observed trends of the KL versus De 
results for carbon dioxide bubbles in the two aqueous Glycerol 
solutions investigated. The trend of the present experimental KL 
versus D 
e 
curve for the small carbon dioxide bubbles in both aqueous 
Glycerol solutions are in agreement with the trend of the experimental 
curve for carbon dioxide bubbles, (0.2 cm < De < 0.7 cm), in Glycerol 
obtained/ 
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obtained by Hanuuerton and Garner (H6) and shown in Fig. (9). 
Both the rise velocity and the mass transfer coefficient 
results for the two aqueous Glycerol solutions indicate circulating 
bubbles for Re as low as 0.32, (De = 0.23 cm), in the 90.6 per cent 
solution, and as low as 0.16, (De = 0.44 cm), in the 99.0 per cent 
solution. This agrees with the findings of Garner and Hammerton 
(G2) and Hammerton and Garner (H6) which indicate a transfer from 
rigid to circulating bubble behaviour at Re = 0.023, (D 
e 
= 0.3 cm), 
in Glycerol. This is also in agreement with the results of Redfield 
and Houghton (R2) for carbon dioxide bubbles in aqueous Dextrose 
solutions which indicate the persistence of circulating bubble 
behaviour down to Re as low as 0.02. 
5.4.3 KL for Carbon Dioxide - Aqueous Polyox Solution 
Instantaneous overall mass transfer coefficients around 
single carbon dioxide bubbles rising through a 1.0 per cent aqueous 
Polyox solution are presented in Figs. (34) and (41). Included in 
Fig. (34) for comparison with the present data are the Boussinesq 
equation, Eqn. (79), the Levich equation for circulating spheres in 
creeping flow, Eqn. (75), and the Levich equation for rigid spheres 
in creeping flow, Eqn. (69), 
Sh = 1.01 Pe 
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The diffusivity of carbon dioxide in the 1.0 per cent aqueous 
Polyox solution at 25 °C for use in Eqns. (69), (75) and (79) is 
taken to be 1.92 x 10 -5 cm2 /sec, (Appendix IV vi), and UB versus 
De data was taken from the smoothed curve drawn through the experi- 
mental UB versus De results, (Figs. (18) and (35)). 
Inspection of Fig. (39) indicates that over the bubble size 
range 0.24 < De < 0.26 cm the carbon dioxide bubbles in the Polyox 
solution are spherical in shape, while for 0.26 cm < D 
e 
< 0.27 cm the 
bubble adopts a prolate spheroidal configuration. For 0.27 cm < D 
e 
0.95 cm, the bubble is top shaped, and when 0.95 cm < De < 2.18 cm 
the shape is that of an oblate spheroid with a tail, though a shape 
transition starts occurring at De = 1.75 cm. Finally the spherical 
cap shape is adopted for 2.18 cm < De 5.62 cm. A noticeable 
feature about the shape transitions in the viscoelastic pseudoplastic 
Polyox solution is the abruptness with which they occur at a given 
bubble size, compared with the shape transition regions observed in 
the Newtonian solutions investigated. As can be seen in Figs. (34) 
and (41), the experimental KL versus De data can be divided into four 
regions corresponding to the shape regions, namely: 
Region 1: 2.18 cm . De < 5.62 cm (Spherical Cap) 
Region 2: 0.95 cm < De < 2.18 cm (Oblate Spheroid with tail) 
Region 3: 0.27 cm < De < 0.95 cm (Top) 
Region 4: 0.24 cm < D 
e 




In Region 1, the experimental KL data rise from a value just 
below that predicted by the theoretical Levich equation, Eqn. (75) 
at De = 2.18 cm to a value 10 per cent above that of the theoretical 
Boussinesq equation, Eqn. (79), at De = 5.5 cm (see Fig. (34)); and 
approaches the measured KL values for distilled water at these large 
bubble diameters. The data suggest that for sufficiently large 
bubbles, De > 4.25 cm, potential flow applies over the bubble frontal 
area of spherical cap bubbles in the 1.0 per cent aqueous Polyox 
solution. This is in agreement with the indications of the rise 
velocity data for bubbles in the 1.0 per cent Polyox solution, Figs. 
(18) and (35),'and with the findings of Loudon (L19) for carbon 
dioxide bubbles in aqueous CMC solutions which exhibit pseudoplastic 
behaviour. 
Regions 2 and 3 of the experimental KL versus De data are 
characterised by KL values rising from just below the theoretically 
predicted KL values of the Levich equation, Eqn. (75), to a maximum, 
which lies below the theoretical predictions of the Boussinesq 
equation, and falling again to a value just below that predicted by 
the Levich equation. These maxima seem to be associated with bubble 
shape changes. The bubble shape transitions result from hydro- 
dynamic effects which seem to markedly affect the liquid phase mass 
transfer coefficient. Existence of such maxima has been reported in 
only one previous publication (B4). Barnett et al (B4) followed the 
rise and dissolution rate of small carbon dioxide bubbles (De < 0.5 cm) 
in two aqueous CMC solutions, which exhibit pseudoplastic behaviour, 
contained/ 
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contained in a constant pressure system. For each bubble a KL 
versus De plot was presented over its time of rise through the 
liquid. It was noted that the mass transfer coefficients were 
high initially but tailed off rapidly with bubble age, though 
exceptions were found at specific bubble diameters where the bubble 
shape went through a transition. Thus a transition from the oblate 
spheroidal region to the solid sphere region was observed at an 
equivalent spherical diameter of about 0.2 cm. At a larger diameter, 
a second transition point occurred when the bubble shape changed 
from an oblate spheroid with tail shape to a top shape and finally 
to an oblate spheroid shape. A sudden increase of mass transfer 
coefficient was observed to occur at each of these two shape transition 
points. 
In Region 4 of the KL versus De data, the accuracy of the 
KL measurements, (the standard deviation of KLA in this region is ± 15 
per cent of the measured value, see Section 4.2), is sufficiently 
good to identify that for bubble De : 0.27 cm in the 1.0 per cent 
aqueous Polyox solution the prolate spheroidal and spherical bubbles 
exhibit solid body behaviour. Thus the KL values predicted by the 
Levich equation for rigid spheres in creeping flow, Eqn. (69), lie 
on average 15 per cent below the KL measurements in this region of 
bubble size, whereas the theoretical KL predictions of the Levich 
equation for circulating spheres in creeping flow lie on average 
130 per cent above them, and the Boussinesq equation predictions for 




Thus the mass transfer coefficient data confirm the evidence 
shown in Fig. (36) and discussed in Section 5.1.2 that at the 
critical bubble equivalent spherical diameter, 0.27 cm, a transition 
from rigid (Stokes regime) to circulating bubble behaviour occurs. 
Of the five bubbles with De = 0.27 cm, (VB = 0.0105 cm3), (see Fig. 
(36)), which undergo transition from circulating to rigid bubble 
behaviour between the bubble rise velocity measuring points, (photo- 
electric cell units P1 and P3, Fig. (11)), it is apparent that the 
three bubbles with the lowest velocities averaged over the distance 
between P1 and P3 undergo the transition to rigid sphere behaviour 
before reaching the mid -point between P1 and P3 and thus exhibit 
rigid bubble behaviour at this central measuring point. The other 
two bubbles with De = 0.27 cm undergo the transition after the 
central measurement point and so exhibit KL values which indicate 
circulating bubble behaviour. For these two bubbles, the measured 
KL values lie some 35 per cent above those indicated by the Levich 
equation for circulating spheres in creeping flow, (the Hadamard/ 
Rybczynsky regime), and this seems to be due to the UB value used 
in Eqn. (75) being an average value over the distance P1 to P3 and 
being only about 50 per cent of the UB at the central measuring point 
where KL was determined, (see Fig. (36)). Since from Eqn. (75), 
KLa J UB, this would result in the KL value determined from Eqn. (75) 
for these two bubbles being about 30 per cent too low. Thus the 
mass transfer coefficient data confirm the theory of Astarita and 
Apuzzo (A7) discussed in Section 5.1.2 that at the critical bubble 
size/ 
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size, De = 0.27 cm, for the 1.0 per cent aqueous Polyox solution, a 
transition from the Stokes to the Hadamard /Rybczynsky flow regime 
occurs. 
The modified Reynolds number Re' defined by Eqn. (14), 
(with m = K (8)n -1 (M14)), gives a value < 1.1 in Region 1 and 
2.3 for D 
e 
S 0.27 thus indicating creeping flow conditions, and 
a value of 1393 when the bubble D 
e 
= 5.5 cm. 
As pointed out in Section 1.3.1 (a), Eqn. (79) which does 
not take into account the shape changes of large gas bubbles in 
free rise through liquids, represents only an approximation to mass 
transfer from bubbles in potential flow which adopt a spherical cap 
shape. For spherical cap bubbles, the Lochiel -Calderbank equation, 
Eqn. (87), more accurately represents bubble nose transfer, though 
no theoretical solution for transfer from the rear of spherical cap 
bubbles exists. This is discussed in more detail in the following 
sections of this report, Sections 5.5.1 and 5.5.2. 
177. 
5.5 BUBBLE WAKE MASS TRANSFER 
5.5.1 Theoretical Model for Bubble Wake Transfer 
The photographic evidence of Slaughter and Wraith (S12) for 
spherical cap gas bubbles in an aqueous Glycerol solution (v = 1.43 
cm2 /sec), Davies and Taylor (D7) for spherical cap gas bubbles in 
nitrobenzene, and Collins (C12, C13) for two- dimensional cylindrical 
cap bubbles in water suggest the existence of a 3- dimensional wake 
containing a toroidal vortex behind a spherical cap bubble, and 
approximately completing the spheroid of which the bubble cap forms 
a part. The photographs of Crabtree and Bridgewater (C16) and 
Loudon (L19) suggest that in liquids of low viscosity such as water, 
turbulence develops in the wake region and the vortex is unstable. 
Crabtree and Bridgewater noted that clockwise rotation of the bubble 
release cup caused the first vortex to be shed to the right and vice 
versa in the low viscosity liquids in which vortex shedding was 
observed. This suggests that the dumping cup rotation to release 
the bubble may contribute to the instability which results in vortex 
shedding. At any given instant, nevertheless, the liquid flow near 
the gas bubble floor in the bubble wake, which is mainly responsible 
for bubble rear mass transfer, should, for the unstable wake with 
vortex shedding, be essentially the same as that in the case of the 




As a result of this the following wake model was set up 
with a view to making a theoretical estimate of bubble rear mass 
transfer coefficients. 
Assume a spherical cap bubble to rise in a free fluid field 
in potential flow at constant velocity UB. The wake region immediately 
below the bubble is taken to complete the sphere of which the nose 
of the spherical cap bubble forms a part, and the bubble floor is 
taken to be essentially planar (see Fig. (5)). 
The toroidal vortex in the bubble wake results in liquid 
elements, of which lines L and L' are part (see Fig. (42(a))), passing 
from the bulk liquid in the bubble wake to the centre of the bubble 
floor gas /liquid interface, flowing outwards to the edge of the 
bubble floor, and in so doing stretching,and streaming downwards 
following the streamlines in the bulk liquid outside the spheroid 
of which the bubble wake forms a part 
point of stagnation at point C, (Fig. 
to the centre of the bubble floor. 
These streamlines reach a 
(42(a))), and then flow upwards 
During the time that each liquid 
element spends at the gas -liquid interface, a mass exchange with the 
gas in the bubble takes place, and the thickness of the liquid 
element into which significant mass transfer occurs during its time 
of contact with the bubble floor is taken to be so thin that any 
velocity variation occurs in the r- direction only and not the z- 
direction (see Fig. (42(c))). During its motion inside the bulk 
liquid of the bubble wake, a mass exchange occurs and it is assumed 
that this mass exchange results in each element of liquid arriving 







































































seems valid for bubbles in most gas -liquid contactors and, in 
particular, ft r the conditions prevailing in the current work, 
since the mass transfer measurement point is 65.5 cm above the 
bubble release point, and so for the short time taken by the carbon 
dioxide spherical cap bubble to traverse this distance, (2 -3 seconds), 
the bulk bubble wake liquid remains almost completely void of carbon 
dioxide, (in fact only a fraction of 1 per cent saturated with carbon 
dioxide). 
For diffusion from a plane interface with a constant surface 
concentration into a semi -infinite liquid phase, Crank (C18) gives 
i.e. 
12 
KL = (DL/Trt) (141) 
1/2 
KL = 0.57 (DL/t) (142) 
From Eqn. (142) it can be seen that to estimate the bubble 
rear mass transfer coefficient, KLR, the time, t, taken by a liquid 
element to traverse the distance between the centre and the outer 
edge of the bubble floor, AB (see Fig. (42 (a))), must be determined. 
Apply a velocity - UB to the system and the external flow 
becomes flow over a stationary sphere with free slip at the 
.. J 
spherical surface because of the -rotation within the sphere. 




UB cos e 
P 
(143) 
in spherical polar coordinates for a moving sphere, with radius a 
and/ 
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and independent variables p, e (Fig. (42 (b)) 
S cp 
a3 
up=- =UB 3 cos 0 
3 
1 S 1 a ue 
p Se 2UBp3sine 
(144) 
(145) 
Converting to cylindrical polar coordinates and applying 





















r = psin 0 
z = pcos 0 
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uz = 0 at the plane z = c (Fig. (42 (c)). 
Fig. (5) shows the bubble wake to consist of a toroidal 
vortex moving with the bubble. The toroidal vortex equations in 
cylindrical polar coordinates are thus derived below. The 
independent variables are r and z, the velocities ur and uz, and 
there is no ue. The velocities in the wake are assumed not to 
vary with 0 or t, i.e. the wake is taken to be synmnetrical and 
stable with respect to time. 
The continuity equation is, (Chap. III 
div u= 
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The equations of motion are, (Chap. 
Sur Sur 
1 Sp 1S r S u 
ur Sr + uz Sz p Sr + 
v( 





1 Sp 1 S r 
Suz S uz 
r Sr + uz Sz p Sz + ( r Sr Sr + 6z2 
(159) 
p is eliminated by differentiating Eqn. (158) with respect to z and 
Eqn. (159) with respect to r, 
Sur Sur Suz 
) S2ur S2ur 
Sz ( Sr + Sz ) + ur SrSz + uz6z2 
1 Sep ( 1 S r 62ur Saur 1 Sur ) 
p SrSz ( r Sr SrSz + Sz3 r2 Sz ) 
S2u 52uz 
Suz ( Sur Suz ) u 2 uz 




( S 1 S r Suz 6 
3 
uz ) 
p SzSr ( Sr r Sr Sr + SrSz2 
(160) 
(161) 
Subtracting Eqn. (161) from Eqn. (160) and substituting Eqn. (155), 
( u S u S 
ur Sur Suz 
( r Sr + 
z 
Sz r ) ( Sz Sr ) 
where 
( S 1 S 6 
2 Sur Suz 
Y( Sr r Sr r + Sz2 ) ( Sz Sr ) 
Su Su 
r z 
Sz Sr w2 






Arz) = r qc, (rz) (164) 
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w2 = (D2 + ) 
D2=S 1 S r 
Sr r Sr 
Therefore from Eqn. (162), 
(urrSrr+uzs-)(D2+S--2-) = (D2+S--)2 
z Sz Sz 
since 
S 1 S 
u 
ur r 







The physical explanation of Eqn. (168) is: 
The rate of convection of vorticity from the wake liquid /bulk external 
liquid interface into the bubble wake = viscous rate of dissipation 
of vorticity in the bubble wake. 




1 Sy 2 
x Sx ( 1 
)y = 0 (170) 
has the Bessel function solution Jq (ßl x), (p. 150, Ref. (J1)). 
i.e. 
Now, from Eqn. (167) 
D2 (I) Sr r (r 'Sr + (ß) 




Comparing Eqns. (170) and (172) it is seen that q = 1. ßl (from 
Eqn. (170)) is possibly present in the solution of Eqn. (168) because 
62 
of the presence of 
S 
. 
Hence try as a solution to Eqn. (168) 
= J1 (f (z) r) (173) 
The following mathematical relationships are given in Ref. 
(J1), p. 149: 
dx 
(xq Jq (Rl x)) = ß1 x Jg-1 (ßl x) 
dx (Jq (x) ) = - x Jq (x) + Jg-1 (x) 
Z 
dx2 J1 
x) = - ßi J1 (ßl x) 
dx (x -q Jq (ßl x)) _-ßl x g Jg+1 (ßl x) 
From Eqns. (157), (173) and (174), 







1 S r Jl (f(z)r) = - f(z) Jo (f(z)r) (178) 
z r Sr 
From Eqns. (156), (173) and (175), 
1 
u r Sz r J1 (f(z)r) = (Jo (f(z)r) f(z)r J1 (f(z)r) rf'(z) (179) 
From Eqns. (163) , (176) , (177) , (178) and (179) , 
w2 f;(4)) J2(f(z)r) - ( (f(z))2 + rf' (z))) Jl(f(z)r) (180) 
Thus the solution tried, (Eqn. (173)), satisfies the boundary 
conditions on the central vertical axis of the bubble wake, observed 
in Fig. (5), for vorticity and the two components of velocity since: 
(i) Eqn. (178) gives uz to be a maximum at r = 0, since Jo(f(z)r) 
has its maximum value at r = 0 
(ii) Eqn. (179) gives ur to be zero at r = 0, since J1(f(z)r) = 0 
at r=0 
(iii) Eqn. (180) gives w2 to be zero at r = 0, since J1(f(z)r) = 0 
at r = 0 and J 
2 
(f(z)r) = 0 at r = 0. 
As a first approximation to the solution, the non -linear 
terms of Eqn. (168) are not considered, i.e. the variables z and r 
are taken to be separable. Hence from Eqn. (179) the velocity 
distribution along the bubble floor, z = c, is given by 
r / 
ur = K1 J1 (r) 
where K1 is a constant. 
(181) 
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Thus the velocity of a thin liquid element flowing along 
the gas- liquid interface of the gas bubble floor is taken to follow 
the J1 (r) distribution as it flows outwards from the centre of the 
bubble floor, r = 0, to the edge of the bubble floor, r = a. 
The calibration of the x of the J1 (x) function in terms 
of distances in centimetres was done as follows: 
The points through the bubble wake at which uz was zero, i.e. 
where the streamlines were horizontal in the bubble photograph of 
Fig. (5), were noted. These were found to follow a curved path as 
indicated by lines FG, F'G' of Fig. (42 (c)). At any given z, 
the distance from the central vertical axis of the bubble wake to 
the line FG or the line F'G' was two- thirds of the distance from the 
same central axis to the outer boundary of the bubble wake. This 
was found by direct measurements on Fig. (5) and bubble photographs 
in Refs. (C12, C13, L19). From Eqn. (178) uz is zero if f(z) and /or 
Jo (f(z)r) = O. uz is zero along the planar gas bubble floor 
z = c, i.e. f(z) = 0; but for a given z < c, uz is not zero for 
all values of r lying within the bubble wake. Consequently for 
z < c, f(z) cannot be zero, and so when uz is zero, Jo (f(z)r) = O. 
The first zero of the Jo(x) function is given by Watson (W5) to 
occur at x = 2.405 units and this would be expected to correspond to 
the surface forming part of a spheroid of which FG and F'G' in 
Fig. (42 (c)) are part. Extrapolating to the plane z = c, it is found 
that/ 
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that at x = 2.405 units both f(z) and Jo (f(z)r) are zero, and the 
spherical cap gas bubble semi -major axis, a, is (1.5 x 2.405), i.e. 
3.6, units of x. 
Table 5 below, (W5), gives J1 (x) versus x, and from this 
table it is seen that J1 (x) is positive for x = 3.6 units and 
negative for a larger x, (x just greater than 3.8 units). The 
negative value would result in the improbable situation of liquid 
flowing inwards along the bubble floor from its edge to its centre. 
Thus the non- rigorous solution, Eqn. (181), seems to be in agreement 
with observed flow directions and flow patterns in the bubble wake. 
Table 5 
J1 (x) Jl (x) 
0 0.0 0.1 0.0499 
0.2 0.0995 0.3 0.1483 
0.4 0.1960 0.5 0.2423 
0.6 0.2867 0.7 0.3290 
0.8 0.3688 0.9 0.4059 
1.0 0.4401 1.1 0.4709 
1.2 0.4983 1.3 0.5220 
1.4 0.5419 1.5 0.5579 
1.6 0.5699 1.7 0.5778 
1.8 0.5815 1.9 0.5812 
2.0 0.5767 2.1 0.5683 
2.2 0.5560 2.3 0.5399 
2.4 0.5202 2.5 0.4971 
2.6 0.4708 2.7 0.4416 
2.8 0.4097 2.9 0.3754 
3.0 0.3391 3.1 0.3009 
3.2 0.2613 3.3 0.2207 
3.4 0.1792 3.5 0.1374 





5.5.2 Comparison of Theoretically Determined and Experimentally 
Determined bubble rear mass transfer coefficients 
After converting x units to centimetres as described in 
Section 5.5.1, it was necessary to calibrate the J1 (x) function 
(given in Table 5) in terms of distance per unit time, cm /sec, (i.e. 
to determine the constant K1 in Eqn. (181)). From Table 5 it can 
be seen that over an interval of 0.2 x -units J1 (x) varies linearly 
with x within an accuracy of 0.3 per cent. Hence the 3.6 x -units 
representing the spherical cap gas bubble semi -major axis was 
divided into 18 intervals of 0.2 x -units each, and the time taken 
by a liquid element to traverse the 0.2 x -units distance calculated 
on the basis of J1 (x) values in the middle of these intervals, 
(i.e. at x = 0.1, 0.3, ...., 3.3, 3.5). These times were summed 
over the 18 intervals to give t in Eqn. (142), hence permitting the 
calculation of KL if DL for the gas -liquid system under consideration 
is known. The velocity of the main stream liquid flowing over the 
spheroid, consisting of gas spherical cap and liquid wake, at the 
separation point, U, was resolved into its components Ur and UZ 
(see Fig. (42 (c))) . The component Ur was matched with ter 
(tea) 
and 
at any given distance, rl, along the bubble floor from the centre. 
J1 (r1) .Ur 
J1 (r1) ur(r =a) 
u - - (182) 
r(r =r1) 0.0955 0.0955 
since J1 (x) = 0.0955 at x = 3.6 (see Table 5). 
As for ur in Eqn. (152) 





UB sin 0 cos 0 0183) 
From Fig. (42 (a)), 
2b +x =r (184) 
sin 0 =r (185) 
r2= a2 +x2= a2 +4b2- 4br +r2 (186) 







The spherical cap eccentricity, E, is given by, 
=2a 
2b 
so from Eqns. (188) and (56) 
Now, 
r 4E 
a(E2 + 4) 
From Eqns. (185) and (189), 
sin 0 - 
4E 





cos 0 = (1 - sin 6) (191) 
From Eqns. (190) and (191), 




Therefore from Eqns. (183) , (190) and (192) , 
6UB E (E2 - 4) 







The time t. taken for a liquid element to traverse the 0.2 
x -units interval, (x1 - 0.1) x -units to (x1 + 0.1) x- units, is 
obtained theoretically from Eqn. (194) which results from Eqns. 
(182) and (193), 







0.0955 a (E2 
4)2 
(194) 
where E is taken to be E2, measured bubble width /calculated bubble 
height, a is the bubble major semi -axis, and a /18 cm is the length 
of a 0.2 x -units interval. 









J1(0.2i - 0.1) 
(195) 
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Bubble rear mass transfer coefficients were not experimentally 
measured directly during the course of this work, but were indirectly 
obtained from the instantaneous overall mass transfer coefficient 
data as follows: 
For a given spherical cap bubble size the experimentally 
measured overall mass transfer coefficient, KL, and the theoretical 
Boussinesq mass transfer coefficient, KLs, (Eqn. (79)), were read 
off from the smooth curves drawn through the experimental and 
theoretical KL versus De data for each gas- liquid system investigated 
(see Figs. (31), (32), (33), (34) and (41)). The Lochiel- Calderbank 
equation/ 
equation for spherical cap bubbles, Eqn. (87), was then used to 
estimate transfer over the frontal area of the spherical cap bubble 
only, 
23 Shsc 





where subscripts sc and s refer to spherical cap frontal area and 
sphere respectively. 
For the three Newtonian liquids used, (water and two aqueous 
Glycerol solutions), a spherical cap bubble was considered to be in 
potential flow if the wall- effect corrected, (Eqn. (38)), measured 
velocities lay within 5 per cent of the theoretical Davies- Taylor 
spherical cap bubble velocity, 
1r6 
U = 25.0 V (31) 





It is apparent from Figs. (18), (34), (35) and (41) that 
potential flow conditions over the entire spherical cap bubble frontal 
area is approached only for the largest bubble diameters investi- 
gated in the non -Newtonian aqueous Polyox solution, and for these 
large bubbles, as shown in Figs. ((39) xiii) and (42 (e)), the 
bubble floor is so distorted from a planar configuration that the 
velocity matching technique applied around the edge of the bubble 
floor/ 
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floor and described in the early part of this Section of the report 
is inapplicable. Thus theoretical and experimental comparisons 
were carried out only for the three Newtonian liquids used. 
The indirectly experimentally determined spherical cap rear 
transfer coefficient was given by, 
Ls A LR (KL A ) R 
(196) 
where KL is the experimentally measured instantaneous overall mass 











where A, AR and AF have the usual meanings and E is taken to be E2. 
Eqns. (194), (195) and (142) for calculating the theoretical 
bubble rear transfer coefficients were programmed in Atlas Autocode 
for processing on the KDF9 computer, as was Eqn. (197) for estimating 
the experimental comparisons. The results from theory and experi- 
ment for water and the two aqueous Glycerol solutions are shown in 
Fig. (43), and the values of the ratio (KLR ) experimental versus 
zsc 

























































































































































































LIQUID: Distilled Water 90.6% aq. Glycerol 
Solution 
193. 
99.0% aq. Glycerol 
Solution 
K_ (ILR/ 
Lsc) De(cm) ( 
r 
R/ Lsc) De(cm) (KLR/KLs c) De (cm) 
expt'l expt'l expt'1 
0.65 3.79 0.36 5.53 0.28 3.80 
0.58 3.38 0.38 5.25 0.35 3.35 
0.55 2.98 0.55 4.01 0.39 3.13 
0.55 2.64 0.90 2.51 0.40 3.12 
0.52 2.44 1.0 2.05 
0.48 2.21 1.0 1.40 
From Fig. (43) it can be seen that the agreement between the 
theoretical and the experimental rear mass transfer coefficients 
for spherical cap carbon dioxide bubbles in water is good. The 
average difference between theory and experiment over the bubble 
size range 2.2 cm < De < 3.8 cm is 8 per cent. An interesting point 
to note about the results for water is the nearly constant value of 
LR 
over the bubble size range investigated. The Lochiel- Calderbank 
equation, Eqn. (87), the solution of which is shown graphically in 
Fig. (7), predicts an increasingly larger correction factor for the 
Boussinesq equation, Eqn. (79), in order to predict KZ 
sc 
, (spherical 
cap frontal area transfer coefficient), as the bubble size increases 
and/ 
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and wall effect becomes more pronounced, resulting in a reduction 
in bubble eccentricity. These two facts when combined counteract 
the Boussinesq equation prediction of a falling overall transfer 
coefficient with increasing bubble size at large bubble sizes, when 
UB is nearly constant at a value near that predicted by the Dumitrescu 
equation, Eqn. (36), and De is increasing. The present work and 
that of Loudon (L19) both indicate the overall mass transfer coef- 
ficient of carbon dioxide bubbles in distilled water in a 10.16 cm 
I.D. column to remain nearly constant for 3 cm < De < 4.8 cm, the 
maximum bubble size investigated by Loudon. 
The theoretical /experimental 
KLR 
comparison for the two 
aqueous Glycerol solutions show a common tendency to decrease with 
increasing bubble size. The data for the 90.6 per cent aqueous 
Glycerol solution covers a wider size range than that for the 99.0 
per cent aqueous Glycerol solution since the spherical cap shape is 
assumed by bubbles at a smaller size in the first mentioned solution, 
(see Fig. (38)), and from Figs. (16) and (17) the wall effect corrected 
bubble rise velocities indicate potential flow over the bubble nose 
at a smaller bubble size in the former solution. In addition, bubble 
skirting for De > 3.8 cm in the 99.0 per cent aqueous Glycerol 
solution made it impracticable to separate out KLR from KL for 
bubbles in this size range since mass transfer also occurred from 
the inner and outer surfaces of the skirt in addition to the bubble 
nose and floor. 
The two aqueous Glycerol solutions indicate good agreement 
between theory and experiment for bubble De > 3.75 cm, the mean 
difference/ 
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difference in this bubble size range between 
KLR 
determined by the 
two methods being less than 20 per cent. The 
KLR 
determinations 
for both theory and experiment indicate a tendency for KLR to level 
out at a constant value at large bubble sizes, De > 5 cm, for the 
90.6 per cent aqueous Glycerol solution, (y = 1.46 cm2 /sec, nearly 
the same as y for the aqueous Glycerol solution in which the bubble 
in Fig. (5) was photographed (1.43 cm2 /sec)). As bubble sizes are 
decreased below De = 3.5 cm, the difference between the theoretical 
and the experimental curves for both aqueous Glycerol solutions 
increases. Both the theoretical and experimental curves level out 
at constant values for bubble De < 1.5 cm in the 90.6 per cent 
aqueous Glycerol solution. However, at these small bubble sizes, 
the theoretically predicted KLR is only 55 per cent of the experi- 
mentally determined KLR. It is suggested that this may be due to 
a thickening of the boundary layer between the liquid main stream 
flow and the gas bubble -liquid wake spheroid at and below the separa- 
tion point for small spherical cap bubbles in viscous solutions, 
this region being shown hatched in Fig. (42 (d)). This would 
result in the velocity matching method used for Ur and ur , which 
is described in the early part of this report Section, being 
inaccurate. 
In general Eqn. (181) predicts the correct trends for bubble 
rear mass transfer coefficients for the three Newtonian liquids to 
which it was applied as bubble size is monotonically increased or 
decreased/ 
decreased . The orders of magnitude of KLR predicted by Eqn. (37) 
are in good agreement with the indirectly experimentally determined 
values. When consideration of the inherent systematic errors in 
the determination of eccentricity values used in Eqns. (194) and 
(197), and the fact that a given percentage difference between 
Isc 
as calculated from Eqn. (87) and K. in practice would result 
LSC 
in a percentage difference between theoretically and experimentally 
determined KLR approximately three times as large, the agreement 
between the approximate theoretical solution and experiment is 
encouraging. 
Eqn. (194) predicts for E = 2 an infinite time, t, i.e. a 
stagnant liquid wake. Assuming conditions of potential flow, 
Guthrie and Bradshaw (G15) showed that if the gas in the skirt 
trailing a spherical cap bubble is in viscous flow, then the two 
limiting conditions for gas flow within the skirt resulting in 









for a circulating wake system in which the liquid velocity down the 
inside surface of the skirt is equal to that in the liquid flowing 
down the outside surface of the skirt, (where A is the skirt thickness 
and U' is the surface velocity of the liquid down the cylindrical 
skirt) , and 





when the enclosed wake behind the bubble is completely stagnant. 
Guthrie and Bradshaw's experimentally measured values of 
skirt thickness for large skirted spherical cap nitrogen bubbles 
(VB = 53 cm3) rising through an aqueous Glycerol solution (po = 12 
197. 
poises) gave a mean value for A of 41 p having an accuracy of ± 30 
per cent. The value of A predicted by Eqn. (199) using the stagnant 
wake model is 54p and the value of A obtained from Eqn. (198) which 
uses the fully circulating wake model is 76p. Thus Guthrie and 
Bradshaw (G15) concluded that for these large spherical cap bubbles 
(E = 2) the enclosed wake is relatively stagnant and the liquid moves 
freely down the outer gas -liquid interface of the skirt, in agreement 
with the predictions of Eqn. (194). 
For E < 2, Eqn. (194) would result in a negative value for t. 
However, only very viscous solutions would be expected to reduce the 
bubble eccentricity below 2 at the high shear rates encountered 
when large bubbles rise through them. As a result the argument 
re a thickening of the boundary layer between the liquid main stream 
flow and the bubble wake region applied to smaller spherical cap 
bubbles in the two aqueous Glycerol solutions may be extended to 
larger spherical cap bubbles rising in these very viscous solutions. 
Thus Loudon's photographs (L19) of three -dimensional carbon dioxide 
bubbles with eccentricities less than 2, when particle tracers were 
used to outline the liquid flow patterns, indicate a marked boundary 
layer/ 
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layer for the 3.0 per cent pseudoplastic aqueous CMC solution, which 
is non -existent in the low viscosity distilled water, and a weak 
toroidal vortex in the bubble wake. As a result the velocity 
matching method used to determine u 
r (r =a) 
may, here, also give values 
which are slightly too low, so the negative values of t which would 
be obtained in these cases need not be seriously considered. It 
is interesting to note that Loudon (L19) found KLF(= KL x A ) to 
agree approximately with the Boussinesq equation, (Eqn. (79), for 
spherical cap carbon dioxide bubbles in the 3.0 per cent aqueous CMC 
solution; signifying virtually no bubble rear transfer and hence a 
very weak or non -existent toroidal vortex in the wake region, which 
is in general agreement with the bubble rear transfer theory pre- 
dictions for bubbles with eccentricities in the region of 2. 
199. 
CONCLUSIONS 
An experimental investigation was carried out into the motion 
and mass transfer of single carbon dioxide bubbles in free rise 
through three Newtonian liquids, (distilled water, a 90.6 per cent 
and a 99.0 per cent aqueous Glycerol solution), covering a wide 
range of liquid viscosity, (0.009 P to 7.75 P), and one non -Newtonian 
viscoelastic pseudoplastic liquid, (a 1.0 per cent aqueous Polyox 
solution), contained in a 10.16 cm I.D. column. A wide range of 
bubble sizes was investigated (0.2 cm < D 
e 
< 6 cm). 
In the present experimental work the equipment of Loudon 
(L19) was modified to reduce the possibilities of liquid phase contamina- 
tion, and to ensure isothermal conditions in the mass transfer column. 
A novel data processing technique was used which allowed accurate 
measurement of the instantaneous rate of change of pressure of the 
constant volume system as the bubble rose through the liquid and 
dissolved. This was effected by recording the voltage variation, 
(corresponding to the column liquid pressure variation), from a 
pressure transducer on magnetic tape, and digitising the recording 
with the aid of an analogue- digital converter and a digital computer. 
The quantities evaluated in the experimental program were instantaneous 
values of bubble diameter, rise velocity, mass transfer product, 
eccentricity, surface area and overall mass transfer coefficient. 
An analysis was made of the experimental errors involved in the 
measurement of bubble diameter, rise velocity and mass transfer 
product/ 
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product. A detailed comparison of the experimental data with the 
existing theoretical models relating to bubble rise velocity and 
overall mass transfer coefficient was carried out. 
The terminal rise velocities of the carbon dioxide bubbles 
in the three Newtonian liquids confirmed previous findings with 
respect to wall proximity effects and the approach to slug flow condi- 
tions for sufficiently large bubbles; and also with respect to 
the general shapes of the bubble velocity versus diameter graphs. 
With increasing Newtonian liquid viscosity, the bubble terminal 
rise velocity data for a given bubble size decreased,this effect 
being most marked for bubble diameters, De, < 3 cm. Existing 
theories were found to adequately describe observed bubble rise 
velocity data for very small bubbles in creeping flow, which 
followed the Hadamard /Rybczynsky law (Eqn. (19)), large spherical cap 
shaped bubbles in potential flow which obeyed the Davies -Taylor 
equation (Eqn. (31)) and the Mendelson equation (Eqn. (34)), and 
oblate spheroidal bubbles in potential flow in the low viscosity 
distilled water, which followed the Mendelson equation predictions, 
(Eqn. (34)). The Dumitrescu equation for gas slugs in potential 
flow, (Eqn. (36)), was found to predict the upper limit for the 
rise velocity data of large bubbles in the Newtonian liquids con- 
tained in the 10.16 cm I.D. column. In the bubble size region 
intermediate between creeping flow and potential flow conditions no 
complete theoretical understanding of bubble rise velocity phenomena 
in Newtonian liquids at present exists. 
The/ 
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The rise velocity data of the carbon dioxide bubbles in the 
non -Newtonian 1.0 per cent aqueous Polyox solution was always 
lower than the data for distilled water. The terminal rise veloci- 
ties of large spherical cap bubbles in the Polyox solution asymptoti- 
cally approached the predictions of the Dumitrescu equation, Eqn. (36). 
A distinctive feature of the velocity data pertaining to the Polyox 
solution was the abrupt increase in velocity, by a factor of over 4, 
at a critical bubble size, = 0.27 cm. A possible explanation 
of the existence of such a critical bubble size suggested by Astarita 
and Apuzzo (A7), was a transition from the Stokes (solid body) to 
the Hadamard /Rybczynsky (circulating body) regime of flow, the 
abruptness of the transition being due to viscoelasticity. 
Bubble shapes were characterised by an eccentricity parameter 
(E = bubble width /bubble height), and by the shape ratio, SR = De/ 
bubble width. Bubble shapes observed in distilled water varied 
through spherical to oblate spheroidal to spherical cap with 
increasing bubble size. Similar bubble shape configurations were 
observed in the 90.6 per cent aqueous Glycerol solution. As bubble 
size was increased in the 99.0 per cent aqueous Glycerol solution, 
the bubbles went from spheres to oblate spheroids to > hemispheres 
to spherical caps; the spherical caps developing stable symmetrical 
trailing skirts of gas for bubble De > 3.9 cm. The eccentricity 
data for the carbon dioxide bubbles in the three Newtonian liquids 
investigated decreased with increasing Newtonian liquid viscosity, 
though there was a tendency towards convergence at large bubble sizes. 
Bubble/ 
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Bubble shapes observed in the aqueous Polyox solution went 
from spherical to prolate spheroidal to that of a top (this last 
transition occurring at the critical bubble size), to that of an oblate 
spheroid with a tail, to that of a spherical cap. A previously unreported 
bubble floor configuration was observed for large spherical cap bubbles, 
D > 4.5 cm, in the aqueous Polyox solution. 
e 
Actual bubble surface areas were evaluated from the measured 
bubble photographic horizontal dimension, and the measured vertical 
dimension adjusted so that agreement was attained between the cal- 
culated bubble volume, (based on an idealised bubble shape configura- 
tion), and the measured bubble volume. 
Instantaneous overall mass transfer coefficients, KL, based 
on actual bubble surface areas were evaluated for carbon dioxide 
bubbles in each of the four solutions investigated. For carbon 
dioxide bubbles in water and for large carbon dioxide bubbles in the 
two aqueous Glycerol solutions, the mass transfer coefficient data 
were approximately predicted by the relationship due to Boussinesq 
(Eqn. (79)). Small spherical carbon dioxide bubbles in the Glycerol 
solutions followed closely the predictions of the Levich equation for 
circulating spheres in creeping flow; and when these small bubbles 
were oblate spheroidal in shape, the KL versus De data agreed with 
the theoretical modifications of Sy and Lightfoot (S18) to the 
Levich equation predictions. 
An interesting feature of the KL versus De plot for each of 
the aqueous Glycerol solutions was the existence of a maximum KL 
value/ 
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value greater than that predicted by the Boussinesq equation. This 
maximum was found to occur shortly before the onset of creeping flow 
conditions and corresponded to a bubble shape transition from 
spherical cap, (with an eccentricity > or < 2), to oblate spheroid. 
It seems that this shape transition and the impending flow regime 
transition to creeping flow resulted in instabilities in the liquid 
flow around the bubble, resulting in ai enhancement of the KL value. 
An enhancement in the measured KL value for the large skirted 
bubbles in the 99.0 per cent aqueous Glycerol solution, (De > 3.9 cm), 
was accounted for by mass transfer from the inner and outer surfaces 
of the skirt, noting that KL for these skirted bubbles was obtained 
from KLA by dividing by the surface area of the spherical cap. 
The KL versus De plot for carbon dioxide bubbles in the 
non -Newtonian Polyox solution had two maxima, these maxima being 
found to correspond to bubble shape transitions. The suggestion 
of Astarita and Apuzzo (A7) that at the critical bubble size in ' 
viscoelastic pseudoplastic liquids a transition occurred from Stokes 
(rigid body) behaviour to Hadamard /Rybczynsky (circulating body) 
behaviour was confirmed by the mass transfer coefficient data for 
carbon dioxide bubbles in the Polyox solution. This data indicated 
a transition from agreement with the Levich equation for rigid 
spheres in creeping flow (Eqn. (69)) to agreement with the Levich 
equation for circulating spheres in creeping flow (Eqn. (75)) at 
this bubble size. For large spherical cap bubbles, De > 4.0 cm, 
in the Polyox solution, the experimental KL data were approximately 
predicted by the Boussinesq equation, Eqn. (79). 
The/ 
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The Boussinesq equation which predicts transfer from a 
sphere in potential flow represents only an approximation to transfer 
from spherical cap bubbles in potential flow. For these spherical 
cap bubbles the Lochiel -Calderbank equation, Eqn. (87), more 
accurately represents bubble nose transfer, but no theoretical model 
has previously been developed for the bubble wake transfer. Hence 
in Section 5.5 of Chapter 5 an approximate theoretical solution for 
mass transfer from the rear of spherical cap bubbles was derived; 
and the agreement between indirectly experimentally determined 
bubble rear transfer coefficients and the predictions of the approxi- 
mate theoretical model for bubble wake transfer was found to be 
encouragingly good. 
205. 
RECOMMENDATIONS FOR FUTURE WORK 
1. The experimental study of single bubble mass transfer 
coefficient, terminal rise velocity and shape for bubbles in free 
rise through a stagnant liquid pool, could be extended to other non - 
Newtonian liquids, in particular dilatant liquids, (e.g. aqueous 
solutions of sodium silicate and of gum arabic (F10)), for which no 
published data exists. 
2. A more rigorous experimental testing of the simplified 
bubble rear mass transfer theory developed in Section 5.5 of Chapter 
5 could be carried out by measuring directly bubble rear transfer. 
A possible method of doing this is to note bubble shape, velocity of 
rise, and wake structure, (using some flow visualisation technique 
such as particle tracers), for a given bubble size in a liquid. 
The bubble nose shape could then be duplicated by a dumping cup 
under which a soluble gas is trapped. The appropriate liquid could 
then be passed over the cup with its gas bubble trapped below, at 
a suitable rate, and the wake structure checked to ensure that it 
remains the same as for the freely rising bubble. The rate of 
solution of the gas would then give a direct measure of bubble rear 
transfer, since only the bubble floor is exposed to the liquid. 
3. A more rigorous solution of Eqn. (168) in Section 5.5.1 could 
be carried out in order to determine the liquid velocity distribution 
throughout the bubble wake. As this would probably require more 
detailed/ 
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detailed knowledge of bubble wake structure, a photographic 
investigation, (using particle tracers), of the wake behind large 
three -dimensional spherical cap bubbles in various liquids could 
be carried out. 
4. With certain modifications, the present experimental arrange- 
ment could be adapted to the study of mass transfer from bubbles 
iurutediately after coalescence, since if two bubbles rising through 
the column coalesce, the equations developed in Section 2 of 
Chapter 2 are applicable immediately a single bubble only exists. 
This would necessitate the design of a dumping cup to permit the 
collection of two bubbles, each of known volume, in the column, and 
to permit the release of these bubbles independently of each other 
to rise up the coluuuu central axis. 
207. 
A P P E N D I X I 
A.I. List of Electrical Circuitry and Equipment 
A.I.i. OVERALL ELECTRICAL CIRCUITRY 
A schematic circuit diagram showing the interconnections of 
all electrical equipment used is given in Fig. (44). In Fig. (44) 
are shown the supply sources and interconnections of the pressure 
transducer (Tr) and its zero balance circuit (C), the tape recorder 
(T.R.), photoelectric cell units Pl and P3 with their respective 
selector gates (SG1 and SG3), the electronic millisecond stopclock, 
photoelectric cell unit P2 with its associated D.C. relay stage/ 
selector gate unit (RS /SG2) operating on the camera solenoid (S), 
and the manually operated pulse circuit (MP). 
The illumination sources S1 and S3 associated with photo- 
electric cell units P1 and P3 respectively were controlled by the 
0 - 260 V A.C. slide regulator Vl; and a similar regulator V2 
controlled the illumination source S2 of photoelectric cell unit P2. 
5 K2 potentiometers R1 and R3 permitted the adjustment of 
the steady state voltages across the output terminals of P1 and P3 
to within close proximity of the selector gate SG1 and SG3 trigger 
levels. A 0 - 1 mA D.C. moving coil meter (M) assisted the 
initial setting of P1 and P3 output voltages close to the trigger 
levels of SG1 and SG2, since a sudden deflection on the monitor meter, 











































































































triggered. After setting R1 and R3 close to the trigger levels of 
SG1 and SG3, meter M was switched into circuit with the pressure 
transducer zero balance network by closing switch SW4. The trans- 
ducer supply voltage could thus be monitored. The voltage inputs 
to M were suitably attenuated by resistors R7, R8 (15 KO and R9 
(10 KQ). The steady state output voltage of P2 was adjusted to 
within close proximity of the trigger level of the combined D.C. 
relay /selector gate unit RS /SG2 by means of a 20 KQ linear potentio- 
meter R2 connected across the output terminals of P2. A 0 - 12 V 
D.C. voltmeter, V, wired to unit RS /SG2 vía a double pole changeover 
switch SW2 assisted this operation, since a sudden full scale 
deflection on V indicated the closing of the relay at a particular 
setting of R2. After the setting of the steady state output 
voltage of P2, SW2 was switched to the solenoid S. 
The keying arrangement to permit manual operation of the 
electronic stopclock and camera, (microswitches Ml, M2 and M3 in 
conjunction with a single auto /manual switch SW5), was not used in 
the present work. For the small bubbles in the aqueous glycerol 
and aqueous polyox solutions which could not be detected by the 
photoelectric cell units Pl, P2 and P3, the manually operated pulse 
circuit (MP) was used and the camera shutter was operated manually. 









0 -10 p.s.i.g. 
Excitation 5 V D.C. /A.C. R.M.S. 
Diaphragm material Stainless Steel F.V.520B 
Test Temperature °F -65 +70 +250 
Sensitivity mV F.S. 20.24 20.36 20.56 
Linearity % F.S. -1.19 -1.18 -1.36 
Hysteresis % F.S. less than 0.2 
Zero shift with temperature + 0.004% F.S. / °F 
Input Impedance 3500 
Output Impedance 3500 
Note 
209. 
A circuit diagram of the pressure transducer pickup zero 
balance network is shown in Fig. (45). The setting of potentiometer 
R11 (5 KO) controlled the transducer output voltage zero point; while 
potentiometer R10 (5000) adjusted the transducer supply voltage to 
5.0 V. D.C. 
The pressure transducer diaphragm was attached to a pair of 
strain gauge wires connected in a Wheatstone Bridge network. De- 
flection of the diaphragm produced an out of balance voltage which 
appeared at the transducer output terminals. 
A.I.iii TAPE RECORDER 
Make/ 
FIG .45 CIRCUIT DIAGRAM OF PRESSURE TRANSDUCER PriKUP AND 
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Make Elliott Tanberg 
Type 64/E2 
Serial No. 192 
Specifications 3 -speed (1 4g l '4 71/2 i.p.s.) 
2 Channel, adjustable gains on each channel. 
A.I.iv VOLTAGE AMPLIFIER 
Note 
Makers Rochar Electronique 
Type A 1338 C 
Serial No. 00915 
Supply 115, 127, 220 or 240 V. A.C. 
Specifications Gain range from 20 to 1000. 
Variable zero setting. 
Output ± 10 V. D.C. (10 mA) 
240 V. A.C. mains supply was used for the amplifier. 
A.I.v. TRANSISTORISED MILLISECOND STOPCLOCK 
Makers Venner Electronics Limited 
Type T.S.A. 1014 /BC 
Serial No. G 6987 
Time Range 0.0001 to 100,000 sec. 
Pulse Trigger 4 V. positive going pulse having rise time of 2ps 
or less 
Input Impedance 300 KS2 shunted by 80 pF 
Supply 10 -14 V. D.C. 
211. 
A.I.vi PHOTOELECTRIC CELL UNITS P1, P2, P3 
Note 
Constructed according to T.S.12 circuit (Venner Electronics 
Ltd.) 
Pin No. 
A Supply positive (earthy) 
B Supply negative 
C Output I (Positive pulse when light beam broken) 
D Output II (Positive pulse when light beam made) 
Supply 6 -12 V. D.C. 
Output II (Pin D) was used in all cases for correct trigger- 
ing of the selector gates. 
A.I.vii SELECTOR GATES (Associated with P1 and P3) 
Makers Venner Electronics Limited 
Type T.S. 6A 
Triggering ON - 1.2 V to -1.8 V ) 
) for 10 V. D.C. supply 
Potentials OFF - 1.0 V to -1.6 V ) 
Differential 0.2 V 
Impedance Input 5KSt 
Output 4.7KS2 
Supply 6 -12 V. D.C. 
Pin No. 
1/ 
1 Output I Negative going 
2 Output II Positive going 
3 Supply negative 
4 Input 2 
5 Joined to pin no. 7 when using input 2 
6 Input 1 
7 Supply positive (earthy) 
8 Not required 
Notes 
212. 
Input 2 (pin no. 4) and output 1 (pin no. 1) were used. 
Output 1 generated a negative going pulse when the selector gate was 
triggered to the ON condition and so the stopclock, which required 
positive going pulses for operation, was started and stopped when 
the selector gates were automatically reset to the OFF condition. 
This corresponded to a rising bubble having completely passed through 
the light beams associated with the photoelectric cell units P1 and 
P3. 
A.I.viii COMBINED D.C. RELAY STAGE /SELECTOR GATE 
(Associated with P2) 
Makers Venner Electronics Limited 
Type T.S.9 
Triggering - 1.25 V ) 
Potential ) 
) for 10 V D.C. supply 






Input 10 -15 KQ 
8-12 V D.C. 
1 Normally closed contact ) Changeover common with 
2 Normally open contact ) pin 
no. 4 
3 Supply negative 
4 Common changeover contact 
5 Normally closed contact with pin no. 8 
6 Input 
7 Supply positive (earthy) 
8 Normally closed contact with pin no. 5 
Notes 
Pin nos. 4 and 2 were used. This permitted connection of 
a normally open switch in series with the solenoid 12 V. D.C. power 
supply. Thus when a rising bubble was detected by P2 the selector 
gate was triggered ON and pin nos. 4 and 2 were made common by the 




Makers Magnavox Limited 
Type G 11A 
Supply 24 V. D.C. 
In practice the solenoid operated satisfactorily on 12 V. D.C. 
214. 
A.I.x SLIDE REGULATORS 
Makers Matsunsga Mfg. Co. Limited 
Input 230 V. A.C. 
Output 0 -260 V. A.C. 
Maximum Rating 1 Ampere 
A.I.xi PHOTOFLOOD 
Makers Lucas Limited 
Type Tungsten Iodine fog -spot lamp 
Rating 12 V. D.C., 55 Watts 
A.I.xii STRIPLIGHTS 
Makers Osram Limited 
Type Tubular striplight 
Rating 240 V. A.C., 60 Watts 
A.I.xiii MONITOR METER (M) 
Makers Sangmo- Weston Limited 
Type 41 in (11.4 cm) round 
Rating 0 -1 mA D.C. F.S.D. 
215. 
APPENDIX II 
A.II Estimation of Experimental Errors. Summary of Numerical 
Values Assigned to Experimental Errors in Measured Variables 
Variable Standard Deviation, S 
h1 0.3 cm 
h2 0.6 cm 
L 0.3 cm 
H 0.2 cm 
ML 0.0007 gm 
P 
o 
0.00003 gm /cm3 
PA 0.05 cm H2O (25 °C) 
T 0.1 °K 
T' 0.001 sec 
Measured bubble dimensions 0.01 cm 
PTO 0.3 cm H2O (25 °C) 
PTl 
0.3 cm H2O (25 °C) 
PT 0.4 cm H2O (25 °C) 
T/dt (H 0) 0.08 cm H20 (25°C)/sec 
2 
dPT /dt (90.6% Aqueous Glycerol Soln.) 0.05 cm H2O (25 °C) /sec 
dPT 
/dt (99.0% Aqueous Glycerol Soln.) 0.05 cm H2O (25 °C) /sec 
dPT 
/dt (1.0% Aqueous Polyox Soln.) 0.06 cm H20 (25°C)/sec 
The transducer calibration for each of the liquids used, and 
the standard deviations of the calibration constants are given in 
Appendix/ 
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Appendix V. The column compressibility, a, and its standard 
deviation, for each liquid used, are also to be found in Appendix V. 
The effect of the rotation of the dumping cup (to release 
a bubble) on the recorded pressure trace was checked by making record- 
ings before and after rotating the cup, when it did not contain a 
bubble, in the column which contained a trapped gas space but was 
otherwise liquid filled. No detectable difference in the two 
pressure recordings was found. 
217. 
APP END I X III 
A.III Calculation of Mass Transfer Products and Mass Transfer 
Coefficients 
Mass transfer products were calculated from Eqn. (105) 
( {VBl + a(PT - PTl)} {dPT - Po UB } ) 









where h = h2, the height of the bubble above the pressure transducer 
station when photographed. 
A decision regarding bubble shape was made by the experi- 






Oblate spheroid 3 
Oblate spheroid with tail 4 
Spherical cap ) 
5 
Spherical cap with skirt ) 
hemisphere 6 
With reference to Fig. (46) actual bubble eccentricity, El, 






























































































































































































































































































































































































































































































































specific to each of the six shape categories within which a particular 
bubble fell. The appropriate relationships employed in each of the 
six possible cases were, 
(a) Fig. (46 a) Sphere 
2a1 
/2b1 (200) 
(b) Fig. (46 b) Top 
E1 = 2a1/(2a1 + hc - 2y) (201) 
where 2y represents the height of the hatched segment in Fig. (46 b) 
and is given by 
1,2 
2y = (al - 2 (4a1 - z2) ) (202) 
The dimension 2y did not therefore require direct measurement. 
(c) Fig. (46 c) Oblate spheroid 
2a1/2b1 
(203) 
(d) Fig. (46 d) Oblate Spheroid with Tail 
El = 2a1 /(b1(1 + 1 /nR) + hc) (204) 
where the parameter nR is defined by the ratio 
nR = b1/b' 
(e) Fig. (46 e) Spherical Cap 
El = 2a1/2b1 
(f) Fig. (46 f) Spherical Cap with Skirt 
El = 2a1 /2b1 
(g) Fig. (46 g) Hemisphere 







Thus all eccentricity measurements were based on the maximum hori- 
zontal bubble dimension and the vertical dimension through the 
central vertical axis of the rising bubble. 
Actual bubble dimensions were adjusted slightly in order to 
secure an exact shape fit to one of Figs. (46 a) through (46 g) on a 
bubble volume basis. Bubble surface areas were then calculated in 
terms of the adjusted bubble dimensions. 
Data requirements for the shape fitting and surface area 
calculation procedures, and hence the instantaneous mass transfer 
coefficient determinations were, 
MR (photographic distortion ratio) 
nl Run No. De KLA 
nl Run No. De KLA 2a1 he z 
nl Run No. De KLA 2a1 2b1 
(Sphere routine, n1 = 1) 
(Top routine, ni = 2) 
(Oblate spheroid routine, ni = 3) 
nl Run No. De KLA 2a1 bl bi he z (Oblate spheroid with tail routine,n1 = 4) 
nl Run No. De KLA 2a1 2b1 
nl Run No. De KLA 2a1 2b1 
(Spherical cap and spherical cap with 
skirt routine, ni = 5) 
( Hemisphere routine, ni = 6) 
0 (included to terminate program) 
In the computer program nl served to specify the appropriate subroutine 
to be entered. 
As a result of the experimental technique employed, two 
independent methods of bubble volume determination were available, 
(a) the relation VB 







(b) direct calculation from photograph measurements 
on the basis of an assumed shape. 
For a given bubble, agreement between VB determined by 
methods (a) and (b) was seldom realised, since a systematic error 
was introduced by the assignment of an assumed shape in (b). Con- 
sequently the scheme adopted for bubble surface area, A, determina- 
tion was: 
Calculate VB by method (a) given above, then taking the bubble 
measurement in the horizontal plane (2a1) determine bubble height 
such that the volume calculated from the assumed shape was in agree- 
ment with VB. Bubble surface area was then based on the measured 
bubble width and calculated bubble height (measured bubble height/ 
MR) . 
The advantage of this method lay in the fact that in most 
cases bubble width was the largest characteristic length on the 
photograph, and in the case of a tilting bubble, the measured bubble 
width was always substantially correct, but the measured height was 
subject to error. 
If the percentage difference between measured and calculated 
bubble dimension, (usually height), was < 15% then the initial shape 
assignment was considered relevant and the ideal shape equations 
were taken to fit the actual case to a sufficiently close approximation. 
It should be noted that in the Top routine (n1 = 2), bubble 
width, and not height, was calculated, and spherical cap bubbles 
with skirts (Fig. (46 f)) are known to contain only very small 
amounts/ 
221. 
amounts of gas in their skirts (D5, G15) and so were treated as 
spherical caps, (n1 = 5). 
The computer program printout included the following, 
Run No. 




E1 = bubble eccentricity, measured width /measured height 
E2 = bubble eccentricity, measured width /calculated height 
A, cm2 = total bubble surface area based on measured width 
and calculated height 
AP, cm2 = total bubble surface area based on measured width 
and measured height 
AS, cm2 = equivalent spherical area 
AF, cm2 = bubble frontal area, based on calculated height of 
bubble nose above horizontal plane containing 
maximum bubble width 
AR, cm2 = A - AF = area of bubble rear 




/sec = mass transfer product 
KL, cm /sec = KLA /A = overall instantaneous mass transfer 
coefficient 
KLF, cm /sec = KLA /AF = mass transfer coefficient based on 
frontal area only 
S R/ 
222. 
SR = Shape Ratio, measured width /equivalent spherical 
diameter 
UB( ..), cm /sec = Uno- Kintner (Eqn. (38)) corrected measured 
terminal bubble rise velocity. 
The calculations executed in the sub -routines are described 
below. Fig. (46) should be referred to. VB in all the following 
equations was calculated from Eqn. (103). 
(a) Spheres routine, nl = 1 
VB = 6 De3 = 6 (2a2)3 (210) 
From Eqn. (210), De and the calculated bubble dimension 
found. 
100 
Aa = (a2 - 





A = AS = ff(2a2)2 
AF = AR = 7(2a2) /2 (213) 
AP = (2a1) 2 (214) 
E1 = E2 = 1 (215) 
SR = 1 (216) 
KLF = KLA/AF (217) 
KL = KLA/A (218) 
The volumes of small spherical bubbles, (De < approx. 0.4 
ems), rising through and dissolving in the solutions used were 
determined/ 
223. 
determined from bubble photograph dimensions and the assumed 
spherical shape. This was because a discrepancy was found to exist 
between instantaneous bubble volume, V, as calculated on the basis 
of bubble photograph dimensions and the assumed spherical shape, and 
the bubble volume, VB, calculated from Eqn. (103). This was also 
found in the work of Loudon (L19). Loudon carried out a graticule 
traverse of the mass transfer column in order that the influence of 
bubble migration from the column central axis on photographic 
distortion could be determined. It was found that this had little 
effect on the measured bubble photograph dimensions and so bubble 
photograph measurements were considered the more reliable measure of 
bubble size. Thus in Eqns. (210) to (214), a2 was set equal to a1 
and 
7(2a1 )3 TrDe3 
6 6 
replaced Eqn. (210). 
(219) 
The possible factors affecting the discrepancy between V 
and VB are listed and discussed in ref. (L19). Probably the most 
important are: 
(i) liquid losses when wiping into a weighing bottle the liquid 
remaining suspended from the liquid displacement line terminal nozzle. 
(ii) slight thermal expansion and contraction of the liquid 
filling the mass transfer column. 
(b) Tops routine, nl = 2 
Let/ 
Let the spherical segment contained by the cone have volume 
V1 and curved surface area Ah (2x, 2y are not measured from the 
photograph). 






(4aí2 - z2) 
2 
) (221) 
V = (3x2 + 4y2) (222) h 3 
Ah = Tr(x2 + 4y2) 
E1 = 2a1 /(2a1 + he - 2y) 
The cone volume, Vc = 7z2 he /12 
1,2 
The cone area, Ac = 
2z 
(h c2 + z2/4) 
Tr 3 4 3 
VB = 
6 







From Eqn. (22-6), De and the calculated bubble width /2, a2, were found. 









then y = y' and Vh, Ah and hence a2 (Eqns. 
re- estimated. This was repeated until 





























= KLA/AF (233) 
KL = KLA/A (234) 
AP = 47ra12 + Ac - Ah (235) 
SR = 2a1/De (236) 
(c) Oblate spheroid routine, nl = 3 




el = a 
(a12 + b12) 
1 
Ar 
nb12 (1 + el ) 
= 2Tra + ln ( 
1 e1 (1 - el 
) 
Tr 3 4 2 




From Eqn. (239), De and the calculated height /2, b2, were found 
Defining 
then, 









(a12 + b22) 
1 











AR = Al, = A/2 (244) 
E2 = 2a1/2b2 (245) 
KLF 
= KLA/AF (246) 
KL = KLA/A (247) 
SR = 2a1/De (248) 
(d) Oblate spheroid with tail routine, nl = 4 
Let b 
1 
/b' = b 
2 2 
/b' = nR (249) 
E1 = 2a1/(b1 (1 + 1/nR) + hc) (204) 
















- z2/4) + 
2z 





(1 + 12 
nR 









el ( nR (1 - el) ) 











Tr al b2 
+ nR 33 )+ 12 nR 
(252) 
From Eqn. (252), D 
e 
and the calculated height of bubble nose above 
plane of maximum width, b2, were found 
2a1 /(b2 (1 + n 
) + he ) (253) 
R 












(a12 + b22) 
2 
1 
2 2 1/2 
A = IT (RT 2 - 4 ) + 2z (hc2 + 4 ) 





+ nR2 (1 e22)) 
ln 
e2 ( nR (1 - e2) ) 










( 1 - e ) 
AR = A - AF 
KLF = KLA/AF 
KL = KLA/A 









SR = 2a1/De 
(e) Spherical Cap, n1 = 5 
E1 = 2a1/2b1 











From Eqn. (263), De was found, and the calculated height /2, b2, was 
obtained by solving 
3 áa12 De3 
b 
2 
b2 - - 0 (264) 
The appropriate real root of Eqn. (264) was determined by means of 
an analytical approach presented in (P5). 
E2 = 2a1/2b2 (265) 
Ab = (b2 - b1) 1b0 (266) 
1 
2 (267) AS = TrDe 
A = 2Tr (a12 + 2b22) (268) 
AR = Tra12 (269) 
AF = A - Tra12 (270) 
KLF = LA/AF 
(271) 
KL = KLA/A (272) 
SP = / 
SR = 2a1/De 




AP = 47b1 (2a1 - bl) 
V _r 3 
4rb 22 






From Eqn. (275), De was found; and, if b2 is written as b, then 
calculated bubble height /2, b2, was obtained by solving 
3 
D 
F (b) = b3 - 1.5a1b2 + 16 - 0 (276) 
by using the Newton -Raphson iteration, 
with 
bn+1 = bn - F (bn) /F' (bn) (277) 
F' (b) = 3b(b - al) (278) 
229. 
The starting point of the iteration was conveniently taken as 2b1/2, 
and with this starting point, the iteration converged to the 
appropriate root of the three possible roots of the cubic equation (276). 
Ab = (b2 - bl) 1b0 (279) 
1 
AS = 7rDe2 (280) 
E2 = 2a1/2b2 (281) 
A / 
230. 
A = 47rb2 (2a1 - b2) (282) 
AF = 2Tra12 (283) 
AR = A - AF (284) 
KLF = KLA/AF (285) 
KL = KLA/A (286) 
SR = 2a1/De (287) 
Safety instructions were written into the program allowing 
it to continue with the next set of data should one of the following 
occur in carrying out the subroutine for a given set of data: 
(1) Oblate spheroid routine_- (i) Bubble becomes spherical or 
prolate as a result of calculated height exceeding measured 
width. 
(ii) Calculated upper half of oblate 
spheroid with tail becomes greater than or equal to measured 
width /2. 
(2) Spherical cap routine - Bubble becomes greater than or equal 
to a hemisphere as a result of calculated height exceeding 
measured width /2. 
(3) Hemisphere routine - Bubble becomes less than hemisphere 




(4) Negative or zero operand in log. 
(5) Negative or zero operand in square root. 
A P P E N D I X IV 
A.IV Physical Properties of Gas -Liquid Systems 
A.IV.i LIQUID DENSITY, po 
Liquid (25 °C) 
Distilled Water 
90.6% Aqueous Glycerol Solution 
99.0% Aqueous Glycerol Solution 







Density measurements were carried out using a 50 cc specific 
gravity bottle. The density of distilled water at 25 °C, 0.9971 
gm /cc, was obtained from Ref. (P6), and this compared with the 
measured value using the specific gravity bottle, served as a means 
of checking the accuracy of the specific gravity bottle. The 
density measurements served to specify the concentrations of the 
aqueous Glycerol solutions used, by comparison with the tabulated 
density data for aqueous Glycerol solutions contained in Ref. (P6). 
A.IV.ii LIQUID VISCOSITY, p 
0 
(1) Newtonian Liquids 
Liquid (25 °C) 
Distilled Water 






99.0% Aqueous Glycerol Solution 7.75 
The viscosities assigned to each of the three Newtonian 
liquids was obtained from Ref. W1). 
(2) Non -Newtonian Liquid 
Aqueous Polyox solutions are known to be elastic and to display 
pseudoplastic behaviour in steady shear (B1). The viscous properties 
of the 1.0% aqueous Polyox solutions were studied on a Ferranti -Shirley 
cone - and -plate viscometer. This instrument is described in Ref. (W9). 
Elastic behaviour cannot be detected on a conventional cone - and -plate 
viscometer. 
The Ferranti- Shirley viscometer operates on the principle of 
an accurately machined rotating cone of large apex angle subjecting 
to shear a small sample of fluid between the cone face and a 
stationary precision -ground flat plate. The torque exerted on the 
rotating cone is balanced by a torque spring and indicated on a 
moving coil meter by means of an electro- mechanical dynamometer 
system. A gear train and electronic control permit accurately con- 
trolled continuously variable cone speeds within the range 0 -1000 R.P.M. 
A thermostatically controlled water bath permits the plate and hence 
sample temperature to be maintained constant during sample shearing 
operations. Three thermocouples located at different plate radii 




(a) Shear Stress, T 
where 





Tc = torque spring constant, dyne. cm /division 
(288) 
(= 2011 dyne cm /division, instrument No. F.S.236) 
AT = indicator meter deflection, divisions 
R 
c 
= cone radius, cm 
(= 3.5 cm, large cone No. F.S.178) 
i.e. T - 
(3 x 20110 ) dyne /cm2 = 22.4 A' dyne /cm2 (289) 
(27 x 3.53 ) 
(b) Shear Rate, ¡ 
= w/lp sec -1 
where 
w = cone angular velocity, radians /sec 
= cone angle, radians 
(= 0.00611 radians, large cone No. F.S.178) 
i.e. ¡ - 
277N 
601p 
where N = rotational velocity of cone, R.P.M. 
i.e. = (60 x20.00611) 
sec -1 = 17.14 N sec -1 
(c) Apparent viscosity, lia 
(291) 
(292) 
ua = (T /ÿ) poise (293) 
i.e. 
a 




The following are the results obtained for the 1.0% aqueous 
Polyox solution at 25°C using the Ferranti -Shirley cone -and -plate 
rotational viscometer No. F.S.236 fitted with large cone No. F.S.178. 




R.P.M. sec -1 divisions dyne /cm2 poise divisions dyne /cm2 poise 
5 85.7 3.8 85.1 0.993 3.5 78.4 0.915 
10 171.4 5.6 125.4 0.732 5.5 123.2 0.719 
25 428.5 9.0 201.6 0.470 8.4 188.2 0.439 
50 857.0 13.2 295.7 0.345 12.1 271.0 0.316 
75 1285.5 16.3 365.1 0.284 15.3 342.7 0.267 
100 1714.0 20.7 463.7 0.271 20.7 463.7 0.271 
200 3428.0 27.8 622.7 0.182 28.7 642.9 0.188 
300 5142.0 31.2 698.9 0.136 32.0 716.8 0.139 
400 6856.0 32.8 734.7 0.107 32.7 732.5 0.107 
500 8570.0 34.3 768.3 0.090 34.2 766.1 0.089 
These results are presented graphically in Figs. (47) and (48). 
Notes 
(a) Subscript I refers to Y increasing while subscript D refers 
to ÿ decreasing. 
(b) Values of A'1 and 4'D are averages of three separate determina- 
tions, using in each case fresh samples of the 1.0% aqueous Polyox 
solution. 
(c) The data indicate an apparent slight discontinuity at a of 
about/ 
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236. 
about 1300 sec -1, possibly due to the fact that in this region of 
shear rate gear changes between the 0--100 R.R.M. and 0 -1000 R.P.M. 
viscometer ranges were necessary. 
(d) Included on the plot of the shear stress - shear rate curve, 
Fig. (47), is a line representing an approximate fit to the visco- 




The consistency index K and the flow index n were found to be, 
Liquid (25 °C) K n 
1.0% Aqueous Polyox Solution 0.877 (Q= 0.033) 0.540 0= 0.011) 
(e) From Figs. (47) and (48) it can be seen that 
(i) an approach to Newtonian behaviour is indicated at 
1' > 5200 sec 1, hence power law flow and consistency indices were 
evaluated on the basis of shear stresses less than 5200 sec -1. 
(ii) no thixotropic behaviour is apparent within the limits 
of experimental error, in agreement with the findings of Bailey et al 
(B1) . 
A.IV.iii GAS- LIQUID INTERFACE SURFACE TENSION, o 
Liquid (25 °C) a (dynes /cm) 
Distilled Water 72.0 ± 0.05 
90.6% Aqueous Glycerol Solution 63.8 ± 3.0 
99.0% Aqueous Glycerol Solution 62.5 ± 3.0 
1.0% Aqueous Polyox Solution 71.9 ± 0.1 
237. 
The surface tension of water was obtained from Ref. (W3). 
The differences between the surface tensions of aqueous Glycerol 
solutions of various concentrations and that of pure water, Ao, 
were also listed in Ref. (W3), and from this list 
¿° (90.6% Aqueous Glycerol Solution, 25 °C) = -8.2 ± 3.0 dynes /cm 
Ac (99.0% Aqueous Glycerol Solution, 25 °C) _ -9.5 ± 3.0 dynes /cm 
A Wilhelmy surface tension balance, (Fig. (49)), was used to 
determine Ac for the 1.0% aqueous Polyox solution. This balance 
consisted of a rectangular glass slide, (cleaned with chromic acid, 
rinsed with distilled water and dried with filter paper), suspended 
from the end of the extended beam of a balance and counterpoised 
with the slide partially iffiuiersed in distilled water contained in a 
glass trough. When the water was replaced by exactly the same 
volume of the aqueous Polyox solution, the slide took up a new 
position of equilibrium attained when the change of the downward pull 
I 
d 
of the surface tension was compensated by the change in buoyancy 
F 
u 
of the submerged portion of the slide, i.e. 
4 Fd = AF (295) 
or 2(w + t')A6 = gpó t'Ah (296) 
where Ac = difference between surface tension of solution and that 
of water, w = width of slide, t' = thickness of slide, Ah = change 
in length of submerged part of slide, g = gravitational acceleration, 
and po = density of water (the density of the solution was taken to 
differ/ 






differ negligibly from that of water). 
For small displacements of the slide Ah was proportional to 
As, the change in reading on the vertical scale S, or 
- 2(w + t')Ao = KuAs (297) 
The value of the constant K "was determined by observing the 
values of As associated with different weights on the balance pan 
(R.H.S.) with the slide immersed in water, the relation being 
K" g4W lo 
As ' 1 
(298) 
238. 
where AW = added weights, and lo and 1 = distances from the fulcrum 
of the balance of the respective points of suspension of balance pan 
and slide. 
One litre each of distilled water and of the 1.0 per cent 
aqueous Polyox solution was used in the surface tension determination 
of the Polyox solution. The results obtained are given in Table 
(6) below. 
Table 6 
Added Wts. (gm) Reading on Scale S (cm ± 0.025 cm) 
Distilled Water 1.0 per cent Polyox Solution 
30.50 (Balanced) 28.00 27.85 
30.60 26.25 26.30 
30.70 24.55 24.55 
30.80 22.80 22.75 
Using/ 
239. 
Using Eqn. (298) it is found that K "= -8.92. From Table 
(6) the maximum value of As is -0.15, which from Eqn. (297) 
corresponds to Acs = -0.3 ± 0.05 dynes /cm. The value of Au averaged 
over the four points is -0.08 ± 0.05 dynes /cm. 
A.IV.iv MOLECULAR WEIGHT, M' 
given by 
The mean molecular weight, M' of a solution of A in B was 
M' 
100 
Wt% A Wt% B 
Mol.wt.A + Mol.wt.B 
(299) 
The molecular weight of water is 18, that of Polyox approximately 
3,000,000 (B1), and that of Glycerol, C3H5(OH)3, 92. Hence 
Liquid M' 
Distilled Water 18 
1.0 per cent Aqueous Polyox 18 
90.6 per cent Aqueous Glycerol 66.4 
99.0 per cent Aqueous Glycerol 88.4 
A.IV.v HENRY'S CONSTANT, He 
Liquid (25 °C) 
Distilled Water 
1.0 per cent Aqueous Polyox 
90.6 per cent Aqueous Glycerol 
99.0 per cent Aqueous Glycerol 
He (cm H20) 
1.70 x 106 
1.70 x 106 
1.39 x 106 
1.07 x 106 
The Henry's Constant for water at 25 °C was obtained from 
Ref. (W3), (noting that 1 atmosphere = 1034 cm H2O = 760 mm Hg). 
The Henry's Constant for the 1.0 per cent Aqueous Polyox Solution 
was taken to be substantially the same as that for pure water. 
The Henry's Constants for the aqueous Glycerol solutions 
were obtained from, (W3), 
He (cm H20) = 





where a" is the Bunsen absorption coefficient and is defined as the 
volume of gas (reduced to 0 °C, 760 mm Hg) which, at the temperature 
of the experiment, is dissolved in one volume of the solvent when 
the partial pressure of the gas is 760 mm Hg. a" for carbon dioxide 
in a 90.6 per cent aqueous Glycerol solution and in a 99.0 per cent 
aqueous Glycerol solution was given to be 0.414 and 0.412 respectively 
at 15 °C (W3). No data was available at the temperature of 25 °C. 
Hence the scaling up factor used in order to determine 1 /a" at 25 °C 
in each case was 1.34. This was the ratio He (water at 25 °C) /He 
(water at 15°C), (W3), and was also the ratio He (~ 20 per cent 
aqueous Glycerol solution at 25 °C) /He ( _ 20 per cent aqueous 
Glycerol solution at 15 °C), (W3), the 20 per cent aqueous Glycerol 
solution being the highest concentration at which data at both 15 °C 
and 25 °C was available. 
A.IV.vi / 
241. 
A.IV.vi CARBON DIOXIDE - LIQUID DIFFUSION COEFFICIENT, DL 
Liquid (25 °C) DL (cm2/sec) 
Distilled Water 1.92 x 10-5 
1.0 per cent Aqueous Polyox 1.92 x 10-5 
90.6 per cent Aqueous Glycerol 1.7 x 10-6 
99.0 per cent Aqueous Glycerol 1.5 x 10-6 
Water and Aqueous Polyox Solution 
The diffusion coefficient of carbon dioxide in distilled 
water at 25 °C was obtained from the measurements of Davidson and 
Cullen (D11); and the diffusion coefficient of carbon dioxide in 
the 1.0 per cent aqueous Polyox solution was taken to be substantially 
the same. 
Aqueous Glycerol Solutions 
Ratcliff and Holdcroft (R1) used Eyring's lattice model of a 
liquid, which is based on the similarity between diffusion and the 
viscous transfer of momentum to predict diffusion coefficients. 
Ratcliff and Holdcroft found their theory to hold for relatively 
small solute molecules, such as carbon dioxide, diffusing in 
electrolyte solutions containing relatively small ions, and at 
concentrations that were not too high. For concentrations of 
Glycerol in water of up to 5 g mole /1 ( =45 per cent by weight) it 
was found that 
d (DL ) 
dc (DLO) 
where/ 
= -0.132 (301) 
242. 
where DLO is the diffusivity of carbon dioxide in pure water. 
At increasingly higher glycerol concentrations Ratcliff 
and Holdcroft noted that Eqn. (301) would be expected to give 
increasingly too low a value of diffusivity. Redfield and Houghton 
(R2) pointed out that DL would be expected to settle out to a con- 
stant value as the solution viscosity was increased. Redfield and 
Houghton (R2) found the liquid diffusivity of carbon dioxide in 
aqueous dextrose solutions to decrease with increasing viscosity 
until in the liquid viscosity range 3.5 - 32 poises the diffusion 
coefficient was 1.7 x 10 -6 cm2 /sec and independent of viscosity. 
This was qualitatively explained by extension of the quasi- crystal- 
line "cell- model" for liquid diffusion proposed by Houghton (H14), 
in that as viscosity increased, the behaviour would eventually 
approach that of a solid where the diffusing molecule spent much 
more of its time oscillating about its equilibrium position than 
it did in moving from one site to another. 
Calderbank (C2) measured diffusion coefficients for carbon 
dioxide in aqueous Glycerol solutions of concentrations ranging 
between 9.5 per cent and 70.4 per cent wt /wt at a temperature of 
25 °C. The Ratcliff /Holdcroft straight line relationship, (Eqn. 
(301)), was thus drawn through the Calderbank diffusion coefficient 
data for Glycerol concentrations of 0 per cent wt /wt (0 gm mole /1)- 
40 per cent wt /wt (5 gm mole /1), (see Fig. (50)). A smoothed 
curve was then fitted to the Calderbank diffusion coefficient data 





















































































































































70.4 per cent wt /wt (9.03 gm mole /1) using the least squares method, 
and the curve extrapolated to a 99.0 per cent wt /wt (13.50 gm mole /1) 
aqueous Glycerol solution. The curve was found to give values of 
DL which decreased and became progressively more nearly independent 
of liquid viscosity with increasing liquid viscosity, as predicted 
by Redfield and Houghton. 
Ratcliff and Holdcroft (R1) pointed out that the scatter 
of the experimentally measured diffusion coefficients of Calderbank 
suggested that the average deviation (± 8 per cent) over the range 
of applicability of their equation was due to experimental error. 
The average deviation of the experimental data over the Glycerol 
concentration range through which the smoothed curve was fitted 
was of the same order (± 13 per cent), and may be similarly explained. 
The values 1.7 x 10 -6 cm2 /sec and 1.5 x 10 -6 cm2 /sec for 
the diffusion coefficients of the 90.6 per cent wt /wt (12.15 gm 
mole /1) and the 99.0 per cent wt /wt (13.50 gm mole /1) aqueous 
Glycerol solutions respectively, were read off from the extrapolated 
curve (Fig. (50)). 
Further support for these diffusion coefficients was provided 
by Davies et al (D6) who measured the diffusion coefficients of 
carbon dioxide into a range of organic liquids and hydrocarbon 
mixtures at 25°C and found the equation 
ln DL = -0.50 ln (100 p o) - 4.47 (302) 
to fit data over the viscosity range 0.004 to 1.1 poises, the experi- 
mental/ 
244. 
mental data lying within ± 30 per cent of the values predicted by 
Eqn. (302). Eqn. (302) predicts a value of 2.4 x 10 -6 cm2 /sec for 
the 90.6 per cent wt /wt aqueous Glycerol solution (p = 1.80 poises), 
and a value of 1.3 x 10 -6 cm2 /sec for the 99.0 per cent wt /wt 
aqueous Glycerol solution (p = 7.75 poises). These values are 
within acceptable limits of the values used, when consideration of 
the accuracy of Eqn. (302) is taken into account. 
245. 
APPENDIX V 
A.V. Tabulated Results 
Experimental results for the carbon dioxide - distilled 
water, carbon dioxide - aqueous Glycerol solutions and carbon 
dioxide - aqueous Polyox solution presented in graphical form in 
Chapter 4 of the text are tabulated in Tables (7) through (10) 































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































N O M E N C L A T U R E 
A bubble surface area 
Al,A2 etc. coefficients in Eqn. (22) 
Ac surface area of cone defined by Eqn. (225) 
A' cross sectional area of body. perpendicular to direction 
of motion 
AF bubble frontal area 
AR area of bubble rear 
As bubble equivalent spherical area 
Ap bubble surface area calculated from distortion- corrected 
photographic measurements 
a bubble semi -width 
a '' ' constant in Eqn. (5) 
a 
1 
horizontal photographic dimension defined in Fig. (46) 
a2 value assumed by a 
1 
following bubble shape fitting 
procedure 
BB2 etc. coefficients in Eqn. (22) 
b bubble semi -height 
b" experimental parameter, f(Dc, o) 
b '" constant in Eqn. (5) 
b 
1 
vertical photographic dimension defined in Fig. (46) 
b' vertical photographic dimension defined in Fig. (46) 
b2 value assumed by bl following bubble shape fitting procedure 
b2 value assumed by bi following bubble shape fitting procedure 
Unless otherwise specified, symbols have the following meanings 
258. 
N O M E N C L A T U R E (Contd.) 
C solute gas interf acial equilibrium concentration 
CO solute gas bulk phase concentration 
C1 constant in Eqns. (36) and (37) 
C2 function of bubble velocity and velocity profile of 
liquid, given in Eqn. (37) 
CD drag coefficient defined by Eqn. (8) 
c concentration of Glycerol in water (g mole /1) 




De bubble equivalent spherical diameter 
DL molecular diffusivity of solute (disperse phase) in 
continuous phase 
DLO diffusivity of carbon dioxide in pure water,Eqn. (301) 
d residual, difference between value of a measured quantity 
calculated from best -fit polynomial equation and the 
measured value, defined by Eqn. (126) 
E bubble eccentricity, width /height 
E1 bubble eccentricity, distortion -corrected measured width/ 
measured height 
E2 bubble eccentricity, measured width /calculated height 
Eo Eotvos Number, gp 
0 
D2 /o 
e1 parameter defined by Eqn. (237) 
e2 parameter defined by Eqn. (242) 
F = VApg, drag force 
F' two dimensional pressure 
Fr Froude Number, U /(gD) 2 
G rigidity modulus of the fluid 
g gravitational acceleration 
259. 
N O M E N C L A T U R E (Contd.) 
H column liquid pressure reference level above pressure 
transducer 
He Henry's constant 
h height above pressure transducer 
h1 height above pressure transducer of bubble in dumping cup 
h2 height of bubble above pressure transducer when photographed 
he vertical photographic dimension defined in Fig. (46) 
K constant in Power Law Eqn. (3) 
K' = Pi/P 
o 
K" calibration constant defined by Eqn. (298) 
K1,K2 constants in Ellis model, Eqn. (4) 
K3,K4 constants in Oldroyd model, Eqn. (6) 
K5 P/G , constant in Maxwell model, Eqn. (7) 
Kn function of n, defined by Eqn. (28) 
KL overall liquid film mass transfer coefficient 
KLA overall mass transfer product 
ILF liquid film mass transfer coefficient based on bubble 
frontal area 
KLR bubble rear liquid film mass transfer coefficient 
k constant 
L vertical separation of velocity timing photoelectric 
cell units P1 and P3 
1 distance from fulcrum of Wilhelmy balance to point of 
suspension of the slide 
1 distance from fulcrum of Wilhelmy balance to point of 
° suspension of the balance pan 
4 
M dimensionless group, "o /poo3 
260. 
N O M E N C L A T U R E (Contd.) 
M' molecular weight of continuous phase 
ML mass of displaced liquid 
M photographic distortion ratio, 
magnification in vertical plane 
R magnification in horizontal plane' 
the denominator was set = 1 
m non -Newtonian fluid consistency, Eqn. (14) 
N speed of rotation 
n flow index, Eqn. (3) 
n' number of moles 
n1 bubble shape number, see Appendix III 
nR bubble dimension ratio defined by Eqn. (249) 
PA atmospheric pressure 
PB bubble internal pressure 
PBO bubble internal pressure on termination of bubble injection 
PB1 bubble internal pressure just prior to its release 
Pe continuous phase Peclet Number, DU /DL 
Pn Legendre polynomials of order n, see Eqn. (62) 
PT column liquid gauge pressure at pressure transducer station 
PTO column liquid gauge pressure on termination of bubble 
injection 
PTl column liquid gauge pressure just prior to bubble release 
p pressure 
R gas constant 
R' radius of bubble floor 
R" curvature radius of a spherical cap 
R 
c 
viscometer cone radius 
Re Reynolds Number, pUD /u 
261. 
NOMENCLATURE (Contd.) 
Re' generalised Reynolds Number defined by Eqn. (14) 
Re" generalised Reynolds Number defined by Eqn. (50) 
the geometric interface of a bubble or drop, see Eqn. (62) 
S solubility parameter defined by Eqn. (98) 
S' fractional rate of surface renewal 
Sc continuous phase Schmidt Number, uo /poD 
Sh continuous phase Sherwood Number, LD /DL 
SR bubble shape ratio, measured width /equivalent spherical 
diameter 
T temperature, °K 
Tc viscometer torsion spring constant 
t time 
t' thickness of slide 
to phase contact time 
U translational velocity 
U' surface velocity of liquid down the inside of the bubble 
skirt 
U(oo) translational velocity in infinite medium 
UB bubble terminal rise velocity 
Uk residual, difference between most probable value of a 






bubble equatorial interfacial velocity ratio 
velocity 
bubble volume calculated from optical distortion -corrected 
photographic dimensions 
bubble volume 
bubble volume as injected into column 
bubble volume just prior to bubble release 
262. 
NOMENCLATURE (Contd.) 
Vc cone volume defined by Eqn. (224) 
We Weber Number, Dpó 2/a 
w width of slide 
w2 vorticity, see Eqn. (163) 
Xn function of n, see Eqn. (15) 
X' function of n, see Eqn. (20) 
x variable defined in text 
y variable defined in text 
z horizontal photographic dimension defined in Fig. (46) 
a column specific compressibility 
a' constant in Ellis model Eqn. (4) 
a" Bunsen absorption coefficient 
standard deviation 
Aa percentage change in bubble dimension (horizontal) caused 
by shape fitting 
Ab percentage change in bubble dimension (vertical) caused 
by shape fitting 
AFd change in downward pull of surface tension on slide 
AF 
u 
change in buoyancy of submerged portion of slide 
Ah change in length of submerged part of slide 
APT change in column pressure indicated by pressure transducer 
As change in reading on scale S of Wilhelmy balance 
AVS change in system volume 
Ap = (Po - Pi) 
Ac surface tension of solution - surface tension of pure water 
Aclo increase in logarithmic damping decrement 



























viscometer indicator meter deflection 
column liquid gauge 
column open, see 
column liquid gauge 
see Fig. (11) 
pressure with valve V2 at top of 
Fig. (11) 
pressure with valves V5 and V6 open, 
half -angle of a spherical cap, see Fig. (42 (b)) 




non -Newtonian apparent viscosity 
disperse phase Newtonian viscosity 
continuous phase Newtonian viscosity 
kinematic viscosity,p /p 
= Po /po 
shear rate 
non -Newtonian fluid apparent rate of shear 
density 
gas or disperse phase density 
density of water at 25 °C 
liquid or continuous phase density 
surface tension 
shear stress 
time taken by ascending bubble to traverse the distance 
between photoelectric cell units P1 and P3 
yield stress 
viscometer cone angle 
stream function, see Eqns. (156) and (157) 
264. 
N O M E N C L A T U R E (Contd.) 
function of two independent variables, see Eqn. (164) 
volume concentration of the solute in a non -Newtonian 
solution, see Eqn. (5) 
velocity potential defined by Eqn. (143) 
w angular velocity of viscometer cone 
Subscripts 
os oblate spheroid 
ps prolate spheroid 
s spheroid 
sc spherical cap 
z 
) independent variables, see Fig. (42 (c)) 
r ) 
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